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Abstract
Majorana zero modes are predicted to exist in p+ip (either inherent or effective due to proximity
effect) superfluids and are proposed to be used for constructing topological qubits for topologically
protected quantum computing. Existing theories on the subject are mostly based on BCS mean-field
theory which breaks particle number conservation (U(1) symmetry). More specifically, Bogoliubov-de
Gennes (BdG) equations are used to derive Majorana zero modes and their braiding properties. The
broken particle number conservation is, on the other hand, respected in any fermionic condensed matter
system and therefore may be crucial in studying quantum coherence, essential for quantum computing. In
this paper, we work towards a particle-number conserving theory by examining the role played by particle
number conservation in topological properties of Majorana zero modes. We conclude that the latter may
be affected by the former and new theoretical framework that respects particle number conservation is
needed in establishing (or dismissing) the existence of Majorana zero modes in p+ip superfluids and their
application to topological quantum computing.
I Introduction
The field of quantum information and quantum computing is growing rapidly and is witnessing intriguing
interplay with other areas of physics. For our purpose, we’ll be focusing on the application of condensed
matter systems to quantum computing. We first note a characteristic difference in the two fields: In quantum
computing, precise knowledge and accurate control of a particular set of quantum states are usually neces-
sary; whereas in condensed matter physics, we are for most of the time interested in physical quantities that
are insensitive to structures (such as topology) of many-body wave functions of the relevant quantum states.
The insensitivity is either due to the nature of physical quantities of interest (e.g., local correlation functions)
and/or due to the fact that they receive contributions from and are averaged over a macroscopic number of
different quantum states for a typical macroscopic condensed matter system. Due to the macroscopic nature
of the quantum states of a typical condensed matter system, they are strongly coupled to their environment,
resulting in decoherence very quickly, which is disastrous for quantum information processing and quantum
computing. Therefore, nontrivial effort is usually required to justify the use of many-body quantum states of
condensed matter systems for quantum information and quantum computing. As a well-known example [1],
it was highly nontrivial in the early theoretical developments to understand the behavior of the quantum
states under the effect of a dissipative environment, whose interaction with quantum degrees of freedom
of interest is complicated, unknown and out of our control. Those developments laid down a theoretical
foundation crucial to the later development of superconducting qubit, now a major candidate for quantum
computing (for a review, see e.g., [2]). Despite the great challenges in dealing with decoherence, condensed
matter systems have unique advantages over other physical systems thanks to technical advantages in man-
ufacturing and in achieving scalability.
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Over a little more than the past decade, the notion of topological quantum computing has become very
attractive due to its fault-tolerant decoherence-free nature [3]. The whole story hinges on the topological
properties of many-body quantum states when condensed matter systems are in a nontrivial topological
phase. The subject of topological phases of matter takes central stage on the frontier of condensed matter
physics and beyond. As it is somewhat tangential to go into details of this explosively expanding field, we
merely note that topological phases are distinct from conventional phases of matter that are characterized
by symmetry. Instead, they are characterized by topology of quantum states and hence are immune to local
perturbations such as interactions with environments. An early notable condensed matter system exhibiting
nontrivial topological properties is 2DEG in semiconducting heterostructure displaying integer quantum Hall
effect [4]. The Moore-Read Pfaffian state realized at ν = 5/2 quantum Hall plateau in the presence of quasi-
holes [5], [6] is one of the most prominent candidates in quantum Hall states proposed to hold non-Abelian
statistics applicable to topological quantum computing. In this quantum system, the energy levels of the
degenerate ground states spanned by these quasi-holes have exponentially small splits which decay with real
space separations among the quasi-hole positions and the spectra are separated from the rest by a finite
energy gap. No local observations can distinguish between degenerate ground states and the only way to
induce nontrivial unitary transformations within the Hilbert space spanned by the degenerate ground state
is by braiding the quasi-holes. These properties make the degenerate ground states suitable building blocks
for topological quantum qubits. The topological properties of the Moore-Read Pfaffian state with quasi-holes
have been carefully justified theoretically [7]. Following the observation that the Moore-Read Pfaffian state
takes the form of BCS pairing with p-wave symmetry [8], people have proposed similar topological properties
for zero-energy Bogoliubov quasiparticles which are predicted to be localized at Abrikosov vortices in p+ip
superfluids [9], [10], [11]. These zero-energy quasiparticles are called Majorana zero modes due to their self-
adjoint identity and they can be used to build quantum qubits for topological quantum computing. People
have subsequently proposed to look for Majorana zero modes in other systems involving effective p-wave pair-
ing terms in the Hamiltonian in certain defects/domain walls between distinct topological phases that can
be realized in various hybrid systems involving simple non-topological superfluids (for a review, see e.g., [12]).
We first note that the mapping between the Moore-Read Pfaffian state and the superconducting ground
state of p+ip superfluids is incomplete. For example, the neutral sector of the former (i.e., the part exclud-
ing exponential factors) takes the form of BCS pairing with p-wave symmetry which is not normalizable
by itself. In other words, the BCS pairing part of the Pfaffian state doesn’t correspond to any physical
ground state in superfluids formed in systems such as 3He in the A phase and Sr2RuO4. Furthermore, for
the interesting case with Majorana zero modes, there is no explicit mapping available between the Pfaffian
state for the ν = 5/2 quantum Hall plateau in the presence of quasi-holes and the ground state of p+ip
superfluids in the presence of vortices. Therefore, we need to treat physics in the two systems separately. It
is worth pointing out that in contrast to the Pfaffian state for ν = 5/2 quantum Hall plateau, explicit many-
body wave functions in the presence of Majorana zero modes are unavailable to us for physical superfluids
(i.e., in contrast to effective superfluids such as formed by composite fermions in quantum Hall systems).
It is in this sense and for what we shall discuss next not inappropriate to state that the theoretical basis
for physics of Majorana zero modes in topological superfluids is not as sound as that in the quantum Hall case.
From now on, we focus on the physics of Majorana zero modes in p+ip superfluids. The name ”Majo-
rana zero modes” comes from the observation that each zero-energy Bogoliubov quasiparticle is split into
spatially localized parts that are separate in space (the spatial separation suppresses their hybridization
exponentially to prevent a energy gap), each of which is self-adjoint, reminiscent of Majorana particles. Due
to the presence of zero-energy Bogoliubov quasiparticles, ground states are degenerate. As each zero-energy
Bogoliubov quasiparticle is shared by two Majorana zero modes that are spatially separate from each other,
information of degenerate ground states is protected from any local probe, in other words, degenerate ground
state subspace is protected from local probes. The only way to induce transition among degenerate ground
states is by braiding Majorana zero modes that are predicted to obey non-Abelian statistics of Ising type.
Furthermore, there is a finite energy gap in the bulk (i.e., superfluid gap), separating the degenerate ground
state subspace from the excited eigenstates. The above described properties bear a topological nature in the
sense that local perturbations are irrelevant in affecting degenerate ground states, hence we shall refer to
them as topological properties. The topological properties of Majorana zero modes make the corresponding
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degenerate ground state subspace suitable candidate as qubits for quantum computing. In particular, the
undetectability of Majorana zero modes ensures that the constructed qubits are immune to local noise and
decoherence; the non-Abelian braiding statistics of the former then ensures nontrivial manipulation of the
latter.
The topological properties of Majorana zero modes described above are derived from the Bogoliubov-de
Gennes (BdG) equations. In particular, the self-adjoint identity of a spatially localized zero-energy solution
to the BdG equations is due to the particle-hole symmetry of the BdG equations. This symmetry is a con-
sequence of breaking particle number conservation by allowing particle number in the superfluid condensate
to fluctuate. We shall discuss the problem associated with breaking particle number conservation in the
following paragraph. It is worth noting that the self-adjoint identity is crucial for deducing topological prop-
erties of Majorana zero modes. This is related to Fermi statistics which forbids a Majorana zero mode from
existing by itself as self-adjoint identity violates the former. Thus one fermionic degree of freedom (which is
the fundamental degrees of freedom of excitations in p+ip superfluids) involves at least a pair of Majorana
zero modes, indicating the long-range entanglement among spatially separate Majorana zero modes. The
long-range entanglement is in turn essential for the non-detectability of Majorana zero modes. Furthermore,
both the non-detectability and the braiding statistics depend implicitly on the non-interacting quasiparticle
picture as indicated by the BdG equations, in which a system eigenstate is described as non-interacting
Bogoliubov quasiparticles (which are superpositions of particle and hole) arising from the (quasiparticle)
vacuum and different eigenstates can be related to each other by creating/annihilating the quasiparticles.
In the BdG framework, particle number conservation is broken by the mean-field approximation, a stan-
dard practice in treating superfluids. It is however not justified and may be even misleading when the same
treatment is invoked in analyzing Majorana zero modes in superfluids. The most obvious issue is that the
corresponding many-body quantum eigenstates don’t have fixed fermion number, but are coherent super-
position of different fermion numbers. So they do not represent any physical state of a condensed matter
system which allows only fixed fermion number. It is worthing emphasizing here that allowing particle ex-
change with the environment does not justify the use of quantum superpositions (as distinct from mixtures)
of states of different fermion numbers. So to study quantum behavior (which plays the key role in quantum
information and quantum computing) of a superfluid system exchanging particles with its environment, we
need to take proper account of the universe (superfluid plus environment) that has fixed fermion number.
Furthermore, as illustrated in Appendix A, since BCS mean-field theory does not take explicit account of the
condensate, it can fail in describing physical quantities when the condensate itself has interesting structure
(e.g., non s-wave pairing, cf., Appendix A.1 or moving condensate, cf. Appendix A.2) and/or when the the
condensate plays an explicit role. The failure is already evidenced for the well-known BCS superconducting
ground state wave function which violates sum rules related to particle number conservation, and condensate
deformation is necessary to account for its zero-point fluctuations (see Appendix A). So the key question is
whether the true ground states of interest lie in the same manifold as those in the BdG framework in the
sense that we can go smoothly from the ground states in the fixed particle number sector constructed in the
BdG framework to the true ground states without closing any gap. To address this question, we restrict
our attention to the effect of particle number conservation and more specifically to the possible effect of the
Cooper pair as a consequence of particle number conservation on the topological properties of degenerate
ground states. To get a rough idea of the possible effect from the Cooper pair, it is worth mentioning a
plausible argument in favor of neglecting the effect of any extra Cooper pair as total particle number is
being fixed. The most straightforward way to recover particle number conservation is to associate a Cooper
pair creation operator to the hole component of an operator that creats a Bogoliubov quasiparticle, making
the operator particle-number conserving. Since in the BdG framework the extra Cooper pair is extensive
spreading over the whole system, its effect is intuitively negligible on the local detectability of the degenerate
ground states and also on the Berry phase of braiding Majorana zero modes as long as the involved braiding
trajectories cover regions whose sizes are negligible to that of the whole system. Such intuitive argument
is unable to address possible finite system effect (which is important in realistic systems) and furthermore
ceases to apply even in the thermodynamic limit if there exists deformation of the Cooper pairs near localized
Majorana zero modes as consequences of imposing particle number conservation. At this point, it is worth
noting that the Cooper pair deformation also invalidates the simple non-interacting quasiparticle picture in
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the standard BdG framework mentioned in the above paragraph.
As discussed in refuting the intuitive argument of neglecting the effect of any extra Cooper pair in the
above paragraph, there are two levels of restoring particle number conservation. At the naive level, we restore
constant fermion number by projecting the ground states constructed from the BdG equations onto fixed
fermion number sector with fermion number matching that of the system (we shall call them projected BdG
wave functions in the following). At this level, the effect of particle number conservation is manifest through
quasiparticle-associated Cooper pair contribution to Berry phases in braiding Majorana zero modes. We note
that in the standard mean-field theory, the detailed form of Cooper pair wave function of the condensate
doesn’t play any explicit role in determining the topological properties of Majorana zero modes (instead, it
only contributes to the existence of Majorana zero modes via the topology of the corresponding superfluid
order parameter). Once fixed fermion number constraint is enforced, the Cooper pair enters explicitly in
the Berry phase calculation. At the more sophisticated level, the project BdG wave functions obtained at
the above naive level receive further modification as Cooper pairs deform near the locations of Majorana
zero modes as consequences of particle number conservation. The Cooper pair deformation can have non-
negligible effect on topological properties of Majorana zero modes owing to macroscopic number of Cooper
pairs which amplifies O(1/N) modification of each Cooper pair to O(1) corrections.
In this paper, we address the following questions concerning whether taking proper account of parti-
cle number conservation spoils the ”established” conclusions on the properties of Majorana zero modes (a)
about existence of Majorana zero modes (or equivalently ground state degeneracy) (b) about their braiding
statistics (c) about their local undetectability.
As explicit form of ground state wave functions in general is unknown, we start by considering the sim-
plest situations where analytic solution can be pursued as far as possible. We have considered Berry phase
arising from transport of a Bogoliubov quasiparticle around an annulus in which a simple s-wave super-
fluid with total odd number of fermions is confined [14]. The Cooper pair in the superfluid has quantized
winding number around the annulus to simulate a physical vortex in superfluids. External Zeeman field
is imposed on a local region to bound the quasiparticle. We find that superfluid condensate and particle
number conservation plays nontrivial role in obtaining the correct Berry phase, particularly when superfluid
velocity is nonzero. We have also considered braiding Majorana zero modes in one dimensional Kitaev-like
wire network which doesn’t exchange fermions with its environment and whose explicit ground state wave
functions at the mean-field level can be obtained (see Appendix B). Inspired by these toy models, we then
calculate braiding statistics of Majorana zero modes in vortices of p+ip superfluids explicitly taking into
account superfluid condensate contribution to Berry phase as a result of fixing total fermion number. Fol-
lowing this, we consider further effect of particle number conservation, specifically effect of modification to
superfluid condensate wave function on properties of Majorana zero modes beyond mean-field BdG descrip-
tion. To evaluate such effect beyond the account of the standard framework, we again have to resort to some
toy model systems where analytic solutions may be obtained. Our studies suggest possibility of qualitative
modifications to physics of Majorana zero modes beyond what predicted by the standard framework.
To the best of the authors’ knowledge, our work presented here is the first attempt to go beyond the
BdG equations to construct a particle-number conserving theory of Majorana physics in p-wave superflu-
ids. The claim needs some clarification. To distinguishing our work from other work that goes beyond or
doesn’t rely on the BdG equations, we briefly comment on the nature of the existing studies in the litera-
ture. Roughly speaking, they can be classified into the following categories: energy spectrum calculations
in p-wave superfluids beyond the BdG equations [15], [16]; exactly solvable systems that are distinct from
p-wave superfluids [17] - [23]; effective p-wave superfluids with fixed particle number but without account of
quantum effect from superfluid condensate [24]. None of them covers the effect of particle number conserva-
tion on Majorana zero modes in physical p-wave superfluids (as opposed to effective superfluids formed by
composite fermions or with fine-tuned pairing interactions for exact solvability) that we consider in this work.
The paper is organized as follows. In section II, we define our problems and list the main results; in section
III, we discuss braiding Majorana zero modes in vortices of p+ip superfluids with fixed total fermion number;
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in section IV and V, we evaluate respectively condensate deformation and net particle localization due to the
presence of bound Bogoliubov quasiparticles in superfluids as consequences of particle number conservation
beyond the account of the standard mean-field framework; in section VI, we discuss implications of results
obtained in section IV and V to properties of Majorana zero modes; finally in section VII, we summarize
our results.
II Problem setup and main results
We are mainly interested in braiding Majorana zero modes in vortices of 2D p+ip superfluids which do not
exchange fermions with their environments. The system of interest is inherently superconducting and has
fixed fermion number. The simplest situation to realize a qubit is with four Majorana zero modes and we
will be focusing on physics for this case. In order to further simplify as well as to quantify our analysis, we
also consider case with two Majorana zero modes.
We study effect of particle number conservation in two steps. In the first stage, we study projected BdG
wave functions and we found that the Cooper pair contribution to the Berry phase may be non-vanishing
if the braiding trajectories enclose areas finite compared to the total system area. The non-vanishing Berry
phase contribution results in finite modification to the braiding statistics in the standard framework. The
results are summarized in the first row for braiding in table 1.
To further explore the effect of particle number conservation, we then consider modification of ground
state wave functions to the projected BdG functions as consequences of particle number conservation. At
this more sophisticated level, we shall challenge questions (a) and (c) raised above besides the braiding
statistics (question (b)). Our analysis suggests possible nontrivial corrections to braiding statistics of Ma-
jorana zero modes, including the thermodynamic limit in which dimensionless areas enclosed by braiding
trajectories vanish. Furthermore, the very existence of Majorana zero modes becomes questionable as local
undetectability and ground state degeneracy may be modified from the mean-field theory. All the modi-
fications we consider to the mean-field theory results arise due to condensate deformation as consequence
of condensate and local zero-energy Bogoliubov quasiparticle interplay when particle number conservation
is taken into account. This interplay is, roughly speaking, missing in the mean-field theory as Cooper pair
number in the condensate is allowed to fluctuate. The results are summarized in the rest of table 1.
PPPPPPPPPPPPPP
Topological
Properties
Superfluid
System
2-Vortex system 4-Vortex system
Braiding
Berry phase has correction1 O(S) Berry phase may have correction
< O(S)
Possible finite2 correction from con-
densate deformation
possible finite2 correction from con-
densate deformation
Local Distinguishability localized quasiparticles may change local particle density beyond BdG
framework
GS Degeneracy condensate deformation due to localized quasiparticles may change GS
degeneracy, e.g., MZMs become ordinary local modes?
Table 1: Main results of effect of particle number conservation on properties of Majorana zero modes. 1. S is
dimensionless area enclosed by trajectory of interchanging two vortices. 2. finite in the sense that the correction
approaches non-zero value in the thermodynamic limit
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III Braiding Majorana zero modes in vortices of p+ip superfluids
In this section, we consider braiding statistics of Majorana zero modes in vortices of p+ip superfluids at the
naive level of particle number conservation, i.e., the ground state wave functions are projected BdG wave
functions defined above. To facilitate illustrating physics that is distinct from the mean-field theory, we
first briefly review the derivation of braiding statistics of Majorana zero modes in the mean-field theory and
discuss where in the derivation fixed fermion number may change the final result.
Consider a Hamiltonian H(λ) parameterized by λ(t) varying as a function of time, which admits two
instantaneous degenerate ground states for all t as labeled by |0(λ)〉 and |1(λ)〉 respectively. The Hamiltonian
goes back to itself after some time interval as λ returns to its initial value λf = λi with λf ≡ λ(tf ) and
λi = λ(ti). We consider adiabatic evolution of the two ground states |0(t)〉 and |1(t)〉 which coincide with
the instantaneous ground states at ti, i.e., |0(ti)〉 = |0(λi)〉 and |1(ti)〉 = |1(λi)〉. Note that we label the
ground states that evolve in time by time variable t and the instantaneous ground states by λ.
We are interested in the quantum phases picked up by the two ground states at tf assuming they
evolve back to themselves, i.e., |0(tf )〉 = exp{iχ0}|0(ti)〉 and |1(tf )〉 = exp{iχ1}|1(ti)〉. The quantum
phases χ0 and χ1 can be calculated from knowledge of instantaneous ground states. They consist of two
parts: monodromy phase and Berry phase. The former comes from explicit phase of the instantaneous
ground states, i.e., |0(λf )〉 = exp{iη(0)}|0(λi)〉 and |1(λf )〉 = exp{iη(1)}|1(λi)〉; and the latter is given by
φ0 = −Im
∫ λf
λi
dλ〈0(λ)|∂λ|0(λ)〉 and φ1 = −Im
∫ λf
λi
dλ〈1(λ)|∂λ|1(λ)〉. The quantum phase is the sum of the
two contributions and the quantity of interest is the relative quantum phase of the two ground states after
adiabatic evolution
χ ≡ χ1 − χ0 = δη + δφ, (1)
with δη = η(1) − η(0) and δφ = φ1 − φ0. Note that for simplicity of discussion, we have assumed a simple
situation where both monodromy phase and Berry phase are diagonal, i.e., instantaneous ground states
at λf don’t mix with each other’s initial states at λi and the off-diagonal Berry’s connection vanishes:
〈0(λ)|∂λ|1(λ)〉 = 0 for all λ. We shall call such a basis of instantaneous ground states the diagonal basis.
The simple situations considered here suffice for our purposes. It’s obvious that when χ is non-zero modulo
2pi, a general set of initial ground states will will end up as linear combination of their initial states at the
end of the adiabatic process if we choose them to be linear combinations of instantaneous ground states in
the diagonal basis. In other words, they will undergo non-trivial unitary evolution in the ground state space.
Therefore, non-zero χ implies non-Abelian statistics when we consider braiding at least three such anyons
(in our case, the minimum number of Majorana zero modes is four).
It may help now to illustrate through a simple example the concept of the above introduced adiabatic
quantum phase, especially that of the monodromy phase. Consider the adiabatic evolution of a spin-1/2
in its ground state in an external magnetic field ~B. The Hamiltonian is H = − ~B · ~σ and the Schrodinger
equation for the spin-1/2 is (
Bz B(r)
B∗(r) −Bz
)(
s↑
s↓
)
= −E
(
s↑
s↓
)
. (2)
For simplicity, we consider the situation where the magnetic field is in the plane, i.e., Bz = 0 (cf. figure
1). The Schrodinger equation now reads(
0 exp{iθ0}
exp{−iθ0} 0
)(
s↑
s↓
)
= −E
(
s↑
s↓
)
. (3)
We calculate the ground state quantum phase as we adiabatically rotate the magnetic field by 2pi. Both
the monodromy phase and the Berry phase depend on the choice of the instantaneous ground state. If
we choose the instantaneous ground state |0(θ0)〉 to be single-valued function of θ0, it can be chosen to be
1√
2
(exp{iθ0}, 1)T . The monodromy phase in this gauge is zero by definition and the Berry phase is calculated
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to be
φ = −Im{
∫ 2pi
0
〈0(θ0)|∂θ0|0(θ0)〉}
= −pi, (4)
So the total quantum phase in the adiabatic evolution is equal to the Berry phase, i.e., −pi.
If we instead choose the instantaneous ground state to be, say, 1√
2
(exp{iθ0/2}, (exp{−iθ0/2})T , i.e., we
multiply the above chosen instantaneous ground state by exp{−iθ0/2}, then the instantaneous ground state
picks up a minus sign after the magnetic field is rotated by 2pi, so the monodromy phase is pi. The Berry
phase is calculated to be zero as the contributions from spin-up and spin-down component cancel. The total
quantum phase is equal to the monodromy phase pi, which is the same as the above result confirming that
the adiabatic quantum phase is gauge independent.
✓0
~B
Figure 1: A spin-1/2 in a magnetic field whose orientation is parameterized by angle θ0. The spin is aligned to the
direction of the magnetic field in its ground state. The arrow on the dashed circle indicates the direction of rotating
the magnetic field ~B.
We now first specialize to the system of a 2D p+ip superfluid containing a pair of vortices, each harboring
a Majorana zero mode at the respective vortex core. At the mean-field level, the system has double degenerate
ground states which differ in fermion number parity and are connected by the pair of Majorana zero modes.
We choose the instantaneous ground states as
|1(θ0)〉 = α†0|0(θ0)〉, (5)
where α†0 is the zero-energy Bogoliubov quasiparticle creation operator which is formed out of the pair of
Majorana zero modes
α†0 =
1
2
(γ1 + iγ2), (6)
where γ1 and γ2 are two Majorana zero modes sitting at vortex 1 and 2 respectively, given by
γi(θ0) =
∫
d2rui(r, θ0)ψ
†(r) + vi(r, θ0)ψ(r), (7)
where i = 1, 2 and ui(r, θ0) = v
∗
i (r, θ0) are functions localized at vortex i. The normalization condition for
ui(r, θ0) is
∫
d2r |ui(r, θ0)|2 = 1. θ0 is a parameter characterizing the position of the vortex pair (see figure 2)
with initial value 0 and final value pi before and after interchanging the two Majorana zero modes, respectively.
To facilitate the following discussion of interchanging two Majorana zero modes, it is helpful to first
describe the topological property of the superfluid order parameter and of the Cooper pair in the presence of
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a pair of vortices. Note that we don’t consider the case of a vortex-antivortex pair because their interchange
does not lead back to the same state. The quantum phases of the superfluid order parameter and of the
Cooper pair have quantized winding number. They get two contributions: the intrinsic Cooper pair angular
momentum of unit quantum number due to p+ip pairing, and the center-of-mass angular momentum due
to the pair of vortices. Each vortex produces one quantum of angular momentum with respect to its vortex
core (valid for infinite systems; for finite systems, see discussions below). Due to the localized nature of
Majorana zero modes, the local angular momentum of the order parameter relevant for each Majorana zero
mode is two (assuming the same angular momentum due to each vortex and the Cooper pair throughout
the discussion). The contribution from the other vortex vanishes when evaluated near the vortex core in
consideration and the net effect is an overall phase. For the Cooper pair, since it spreads over the whole
system, its total angular momentum is the sum of the intrinsic one and the center-of-mass one from both
vortices, and hence equals three.
Consider now interchanging vortex 2 with vortex 1, as shown in figure 2. Since after the interchange, the
system Hamiltonian goes back to the initial one, the instantaneous ground states |0(θ0)〉 and |1(θ0)〉 must
also go back to their initial states up to monodromy phases. In the adiabatic limit, each ground state will
evolve back to itself at the end of the interchange up to overall phases. They wouldn’t evolve into linear
superposition of the two basis ground states since the latter have different particle number parity. For the
more relevant case of four Majorana zero modes, see below.
The Majorana wave functions ui(r, θ0) can be written as [25]
u1(r, θ0) = exp{ (pi + θ0)i
2
}u(|~r − ~R1|)eiθ(~r−~R1)
u2(r, θ0) = exp{θ0i
2
}u(|~r − ~R2|)eiθ(~r−~R2), (8)
as zero-energy solutions to the BdG equations for a p+ip superfluid around a vortex with unit winding
number, where θ(~r − ~Ri) is polar angle of vector ~r − ~Ri, ~Ri is the location of vortex i (i=1,2). The overall
θ0-dependent phases for u1 and u2 come from overall phases of gap function at each vortex core Ri(i = 1, 2)
due to the superfluid phases induced by the other vortex. The superfluid phase increases by 2pi going around
each vortex counter-clock-wisely. The overall superfluid phase at vortex 1 is pi + θ0 and θ0 at vortex 2 (see
figure 2 for vortex configuration, we define zero phase value in the positive x direction). So the overall phases
for u1 and u2 are (pi + θ0)/2 and θ0/2, respectively (see also [9] for essentially the same point on the overall
phases for u1 and u2). The azimuthal dependence of u1 and u2 with respect to the corresponding vortex core
is given by phases of azimuthal angles θ(~r − ~R1) and θ(~r − ~R2) since u1 and u2 are eigenstates of angular
momentum (with eigenvalue one) with respect to their associated vortices.
After the interchange, θ0 goes from 0 to pi, the Majorana wave functions become, by (8)
u1(r, pi) = −u2(r, 0),
u2(r, pi) = u1(r, 0),
so that
α†0(pi) = iα
†
0(0). (9)
Combining equation (9) with the definition of the instantaneous ground states (5)-(7), we obtain the
monodromy phase
δη = pi/2. (10)
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Now let’s calculate the Berry phase. It can be written as follows
δφ = −Im{
∫ pi
0
dθ0〈1(θ0)|∂θ0 |1(θ0)〉 −
∫ pi
0
dθ0〈0(θ0)|∂θ0 |0(θ0)〉}
= −Im{
∫ pi
0
dθ0〈0(θ0)|α(θ0)[∂θ0 , α†(θ0)]|0(θ0)〉}
= −Im{
∫ pi
0
dθ0〈0(θ0)|α(θ0)(∂θ0α†(θ0))|0(θ0)〉}
= −Im{
∫ pi
0
dθ0〈0(θ0)|{α(θ0), (∂θ0α†(θ0))}|0(θ0)〉}. (11)
In obtaining the above equation, |1(θ0)〉 = α†(θ0)|0(θ0)〉 and α(θ0)α†(θ0)|0(θ0)〉 = |0(θ0)〉 have been used to
go from the first equality to the second, and α(θ0)|0(θ0)〉 = 0 has been used to derive the last equality. It’s
now straightforward to show that the contribution from derivatives of ui(r, θ0) and vi(r, θ0) vanishes from the
last equality in the above equation and so δφ = 0. The vanishing contribution is due to two characteristics
of localized Majorana zero modes: reality condition of γi so that ui = v
∗
i ; u1 and u2 are localized at separate
regions so their overlap is exponentially small. More specifically, the anti-commutator of the last equality
can be evaluated as follows by substituting equations (6) and (7) into α(θ0) and α
†(θ0)
{α(θ0), (∂θ0α†(θ0))} =
∫
d2r∂θ0(|u1(r, θ0)|2 + |u2(r, θ0)|2)
+ i
∫
d2r(u∗1(r, θ0)∂θ0u2(r, θ0)− u∗2(r, θ0)∂θ0u1(r, θ0) + c.c.)
= 0
As we will see next, once Cooper pair operator is added to the BdG quasiparticle operator, γi are no longer
self-adjoint as they involve the Cooper pair breaking the particle-hole symmetry. Furthermore, there can be
contribution to the Berry phase from the Cooper pair as its form varies during the braiding process.
The vanishing relative Berry phase combined with the monodromy phase given by equation (10) yields
the total relative quantum phase
χ = pi/2 + 0 = pi/2. (12)
This is the standard result first derived by Ivanov [9]. After interchanging vortex 1 with 2, the two ground
states picks up different overall quantum phases and the phase difference is pi/2. The contribution comes
only from the monodromy phase.
Now let’s examine as we project the ground states defined by (5)-(7) onto fixed fermion number sector,
where in the above derivation of χ modification may occur. Each of the two degenerate ground states can
be written in fermion number space as
|Ψ(λ)〉BdG =
∑
n
βn(λ)|Ψn(λ)〉 (13)
where n label the total fermion number which is either all even or all odd. We choose all coefficients
βn(λ) to be real and all |Ψ(λ)〉)n to be normalized. We have added subscript ’BdG’ to the ground states
in the mean-field theory to emphasize that they are constructed from the BdG equations. Note that in
the above equation, we label the ground states by |Ψ(λ)〉 for a general discussion and we will switch back
to the notation for the ground states used in equation (5) as we come to discussing interchanging two vortices.
In the diagonal basis, each instantaneous ground state picks up a monodromy phase at the end of the
adiabatic evolution
|Ψ(λf )〉BdG = exp{iα}|Ψ(λi)〉BdG. (14)
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Comparison of equation (14) with (13) immediately yields the conclusion that monodromy phase for each
state |Ψn(λ)〉 with fixed fermion number has to be the same as α. Therefore, projecting the BdG states onto
fixed fermion number sector wouldn’t change the monodromy phase.
On the other hand, there is no guarantee for Berry phase to stay unchanged under particle number
projection. The Berry phase for each BdG ground state can be written in terms of contributions from states
in fermion number space as
φBdG = −
∑
n
Im{
∫ λf
λi
dλ β2n(λ)〈Ψn(λ)|∂λ|Ψn(λ)〉}, (15)
which can be regarded as averaged over Berry phase φn = −Im{
∫ λf
λi
dλ〈Ψn(λ)|∂λ|Ψn(λ)〉} for each |Ψn(λ)〉.
In particular, there is no justification for φBdG = φn0 for fermion number equal to that of particle number-
conserving system of interest n = n0. Therefore, we may expect correction to the Berry phase resulting from
particle number projection.
We next specialize to the Berry phase of interchanging two vortices. To simplify our considerations, we
choose the system boundary to be circular, i.e, the 2D p+ip superfluid occupies a disc region (see figure
3). The relevant quantity is the relative Berry phase of the two projected ground states which, in the
initial configuration where θ0 = 0, are identical to the projected instantaneous ground states |0(θ0)〉2N and
|1(θ0)〉2N+1 with fermion number 2N and 2N + 1 respectively. To relate the two projected instantaneous
ground states, we associate explicitly a Cooper pair operator to the zero-energy Bogoliubov quasiparticle
operator α†0(θ0) and label the modified one as α¯
†
0(θ0) ≡ 1/2(γ¯1 + iγ¯2). The modified Majorana zero mode
operators now contain Cooper pair operator C†(θ0) which adds a Cooper pair to the system and connects
states in different fermion number sectors, i.e., they take the following form
γ¯i(θ0) =
∫
d2r ui(r, θ0)ψ
†(r) + vi(r, θ0)ψ(r)C†(θ0) (16)
with
C†(θ0)|0(θ0)〉2N = |0(θ0)〉2N+2. (17)
Compared to the particle-number non-conserving Majorana zero mode operators defined above in equa-
tion (7), the particle-number conserving version (equation (16)) take the same form except the extra Cooper
pair operator. Note that as the two projected ground states have different fermion number, they are no
longer degenerate but differ in energy by the chemical potential. Nevertheless, the relevant physics here is
independent of the energy splitting due to different fermion number. Note further that the BdG formalism
puts a constraint on the form of the Cooper pair operator. To satisfy the requirement that each instanta-
neous ground state returns to its initial form (up to a monodromy phase, cf. equation (14)) at the end of the
adiabatic evolution, each state in fixed particle number sector (i.e., |Ψn(λ)〉 in equation (13)) must returns
to its initial form as well. As the Cooper pair operator connects states in different fermion number sectors
(cf. equation(17)), it must also returns to its initial from. In particular, in the present discussion, we require
C†(pi) = C†(0).
The modification to the Berry phase due to the Cooper pair operator can be calculated by equation (11)
with the particle-number conserving Bogoliubov quasiparticle operator α¯†(θ0) where the derivative is to be
taken on the Cooper pair operator C†(θ0),
δφ = −Im
∫ pi
0
dθ0 2N 〈0(θ0)|{α¯0(θ0), ∂θ0 α¯†0(θ0)}|0(θ0)〉2N . (18)
The above equation needs some justification. The particle-number conserving Bogoliubov quasiparticle op-
erator α¯(θ0) doesn’t annihilate projected ground state |0(θ0)〉2N exactly, inducing correction to the above
expression. Since the induced correction is of order 1/N , we neglect it here and consider only corrections
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that are finite in the limit N →∞.
In general, the analytical form of C†(θ0) is unavailable in the presence of vortices. However, we may still
estimate its contribution to the Berry phase. The simplest situation is when the area enclosed by the dashed
circular trajectory (see figure 3) as traced by interchanging the two vortices approaches zero, compared to
the total system area. In this limit, the dependence of the Cooper pair wave function on θ0 vanishes since
the positions of the two vortices are essentially unchanged as viewed from most part of the system. Since
the magnitude of the Cooper pair wave function is essentially uniform over the whole region of the system, it
is essentially unchanged during the interchange. Therefore, in this limit, particle number projection doesn’t
change the Berry phase and the braiding statistics of Majorana zero modes stays unchanged from particle-
number non-conserving framework. For comparison to an equivalent braiding process, we write down the
ansatz for the Cooper pair wave function in this limit
C†(θ0) =
∫
dRdr exp(2iΘ + iθ)Ψc(|R|)Ψr(|r|)ψ†(ra)ψ†(rb) (19)
where R and r are center-of-mass and relative coordinates of the two particles (located at ra and rb, re-
spectively) forming the Cooper pair. Θ and θ are center-of-mass and relative polar angles, respectively. Ψc
and Ψr denote functions of center-of-mass and relative coordinates, respectively. They are functions of only
magnitudes of R and r. The factor of two for Θ in the exponent comes from the total vorticity due to the
vortex pair.
When the area enclosed by the trajectory of interchanging the two vortices is nonzero ( i.e., non-negligible
compared to the total system area), we can no longer neglect the dependence on the vortex configuration of
the Cooper pair wave function. In this case, the derivative of the Cooper pair wave function with respect to
θ0 is non-vanishing, from which we may expect finite correction to the Berry phase. In particular, given the
vortex-induced non-zero Cooper pair phase winding from the region inside the interchange trajectory during
the interchange process, we expect contribution to the Berry phase to come from the inside region (the region
inside the dashed circle in figure 3). Assuming the only contribution to the Berry phase is coming from the
vortex-induced Cooper pair phase winding, we may estimate the amount of correction as follows. Since one
Cooper pair contributes −2pi to the Berry phase if it were entirely inside the interchange trajectory [26], the
correction to the Berry phase is scaled by the fraction of the Cooper pair inside the interchange trajectory
multiplied by another factor of one-half. The additional factor of one-half comes from taking into account
that the Cooper pair is associated only with the hole component of the Bogoliubov quasiparticle (cf. equation
(16)) and for a bound quasiparticle, the hole component has the same weight as the particle component. So
we get an estimate of the correction to the Berry phase to be −Spi, where S is the dimensionless area enclosed
by the interchange trajectory. Combined with the monodromy phase, we see that the total phase χ (defined
in equation (1)) receives a correction from particle number projection that is proportional to the area of the
interchange trajectory. The correction to particle-number non-conserving result is due to the fact that the
two projected ground states differ in total fermion number by one. The extra fermion involves one Cooper
pair which contributes to the Berry phase due to its non-trivial phase winding induced by moving the vortices.
The estimated correction to the braiding statistics finds a very nice physical explanation in an equivalent
interchanging process in which we rotate the whole system around the origin by pi (shown in figure 4). It
is interesting to note, as we shall see, that in this alternative process, the instantaneous ground state wave
functions in the particle-number non-conserving framework do NOT return to their initial states at the end
of the process. On the other hand, the number projected ground states do return to their initial states. The
monodromy phase and the Berry phase are redistributed compared to the standard interchanging process
in which only the two vortices are moved. Without taking into account the Cooper pair contribution, the
braiding statistics in the alternative process would differ from the standard process. In this sense, Cooper
pair plays an essential role in determining the braiding statistics in the alternative process which fails the
standard particle-number non-conserving framework.
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The Majorana wave functions ui(r, θ0) take the following form (Appendix C)
u1(r, θ0) = exp{(pi
2
− θ0)i}u(|~r − ~R1|)eiθ(~r−~R1)
u2(r, θ0) = exp{−θ0i}u(|~r − ~R2|)eiθ(~r−~R2). (20)
After pi rotation, the BdG operator α¯†(θ0) becomes
α¯†(pi) = −α¯†(0) (21)
provided that the Cooper pair wave function becomes
C†(pi) = −C†(0), (22)
which will be justified shortly. Note that since the Cooper pair wave function changes sign at the end of the
rotation, the particle number non-conserving ground states, as coherent superposition of states with different
fermion numbers, do not return to their initial states (cf. definition of the Cooper pair operator in equation
(17)).
Equation (21) together with the definition of the two degenerate ground states yield the monodromy
phase
δη = pi, (23)
which differs from the value pi/2 in the standard interchanging process.
Now, let’s calculate the Berry phase. Again, the contribution from the derivatives of ui(r, θ0) and vi(r, θ0)
vanishes. So we focus on the contribution from the Cooper pair. In the rotation process, both the relative
and center-of-mass coordinates are rotated, so the Cooper pair wave function is dependent on θi−θ0 for each
particle i forming the Cooper pair. In the limit S → 0 (i.e., dimensionless area enclosed by the trajectory
traced by the two vortices compared to the total system area), we have the same ansatz for the Cooper pair
as (19) with polar coordinates replaced by relative ones, i.e., θi → θi − θ0, (cf. also discussion in Appendix
D)
C†({θi − θ0}) =
∫
dRdr exp(2i(Θ− θ0) + i(θ − θ0))Ψc(|R|)Ψr(|r|)ψ†(ra)ψ†(rb). (24)
Since C†({θi−θ0}) as given by (24) is eigenstate of ∂θ0 with eigenvalue −3i, its contribution to the Berry
phase is 3pi/2 (which can be evaluated straightforwardly by equation (18) keeping in mind again that the
Cooper pair is associated with the hole component of the Bogoliubov quasiparticle operator which takes half
of the total quasiparticle weight). Together with the monodromy phase of pi, the total braiding phase is
χ = δη + δφ = pi + 3pi/2 = 5pi/2. (25)
This is equivalent to pi/2 found in the standard interchanging process.
The above calculation of the Cooper pair contribution to the Berry phase can be understood more intu-
itively from angular momentum (see also [14]). The Berry phase due to the Cooper pair can be regarded
as pi times its average angular momentum (due to the dependence of the Cooper pair on θ0 when system
boundary is circular as assumed here, cf. equation (24)). In the thermodynamic limit (i.e., S → 0), the par-
ticle number projected ground states |0(θ0)〉2N (and also |0(θ0〉2N+2) can be regarded as possessing rotation
symmetry since both vortices are located at the origin as viewed from large distances. So the Cooper pair
wave function can be regarded as eigenstate of angular momentum with eigenvalue 3. Taking into account
the weight of the Cooper pair associated with the quasiparticle, its contribution to the Berry phase is 3pi/2.
For a finite system with a circular boundary, we can make similar estimation as we did for the standard
interchanging process. In the alternative process, the vortex contribution to the Berry phase for the region
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inside the interchange trajectory vanishes since it corresponds to center-of-mass angular momentum whose
average is zero inside the trajectory of the two vortices, thereby decreasing the Berry phase from the thermo-
dynamic limit. Recall that in the standard process, it is the vortex contribution from the same region that
contributes to the Berry phase. Hence, the corrections in the two processes are identical owing to an extra
sign difference in the two processes, i.e, angular momentum is derivative to θi of each particle forming the
Cooper pair which is opposite to derivative to θ0. The two interchange processes are physically equivalent
and the verification is provided in Appendix D.
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Figure 2: Configuration of braiding two vortices. The dashed circle centered around 0 with arrows indicates the
trajectories of vortices 1 and 2 during the counter-clockwise exchange. θ0 parameterizes the position of the two
vortices.
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Figure 3: Configuration of braiding two vortices in a finite system. The dashed circle centered around 0 with arrows
indicates the trajectories of vortices 1 and 2 during the counter-clockwise exchange. θ0 parameterizes the position of
the two vortices. The system occupies a disc region.
We now turn to the more relevant case of four Majorana zero modes sitting in four vortices. Since the
relevant basis ground states have same particle-number parity, we need to calculate the matrix of Berry
connection. Nevertheless, we can always choose our initial ground states to coincide with the instantaneous
ground states in the diagonal basis where we only need to consider monodromy phase and Berry phase
as described above. We interchange vortex 1 and 2 while fixing the other two (see figure 5). To project
from particle-number non-conserving ground states onto particle-number conserving ground states, we again
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Figure 4: Configuration of rotating the whole system around its center. The system instantaneous eigenstates are
unchanged in the rotated framed labeled with prime superscript. The system occupies a disc region.
 1  2 3  4
Figure 5: Configuration of braiding two vortices in a 4-vortex superfluid. Four Majorana zero modes reside in the
four vortices and we interchange vortex 1 and 2 while keeping 3 and 4 unchanged.
include explicitly Cooper pair operators. The corresponding projected instantaneous ground states can be
related to each other by the following particle-number conserving zero-energy Bogoliubov quasiparticles sup-
plemented with an extra Cooper pair operator to ensure the same fermion number for the doubly degenerate
ground states
|11(λ)〉2N = C(λ)α¯†0α¯†1|00(λ)〉2N (26)
with particle-number conserving zero-energy Bogoliubov quasiparticle operators given by
α¯†0 = 1/2(γ¯1 + iγ¯2) (27)
and
α¯†1 = 1/2(γ¯3 + iγ¯4), (28)
where particle-number conserving Majorana zero modes are given by
γ¯i(λ) =
∫
d2r ui(r, λ)ψ
†(r) + vi(r, λ)ψ(r)C
†
12(λ) (29)
for vortex i = 1, 2 and
γ¯i(λ) =
∫
d2r ui(r, λ)ψ
†(r) + vi(r, λ)ψ(r)C
†
34(λ) (30)
for vortex i = 3, 4. Note that we have switched to notation λ parameterizing the interchanging process.
In general, the Cooper pair operators C(λ), C12(λ) and C34(λ) may take different forms, i.e., their wave
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functions may be distinct from each other (see below).
As we interchange vortex 1 and 2 and hence Majorana zero modes γ¯1(λ) and γ¯2(λ), all the Cooper pair
operators involved in the operator that relates |00(λ)〉2N and |11(λ)〉2N can contribute to the Berry phase
(more precisely, relative Berry phase between the two projected ground states) as their forms depend on the
vortex configuration parameterized by λ. Again, in the limit of vanishing interchanging area compared to
the total system area, all dependence on vortex configuration can be safely ignored and there is no correction
to the Berry phase from particle number projection. The interesting question is the possible correction to
the Berry phase due to finite trajectory-enclosing area. Ignoring corrections of order 1/N as explained below
equation (18), the correction depends on whether Cooper pair operators C(λ), C12(λ) and C34(λ) are of the
same form. If they were to take the same form, we expect their contribution to the Berry phase to vanish
as contribution from C(λ) cancels that from the other two Cooper pair operators. Otherwise, we can not
rule out finite correction to the Berry phase, which is expected to be scaled as (or some more complicated
dependence on S but the magnitude should be bounded by O(S)) the dimensionless area of the interchanging
region S, as implied from analysis in the two-vortex case.
Suppose C(λ), C12(λ) and C34(λ) take the same form, it is reasonable to argue that the corresponding
BdG ground state |00(λ)〉BdG should take the completely paired form: exp{C†00(λ)}|vac〉 (up to order 1/N
correction due to non-commutativity between fermion field operators which are localized in space as Majorana
wave functions ui(r, λ) and the Cooper pair operators which are spatially extensive). This is indicated by
the same Cooper pair wave function (corresponding to the Cooper pair operators involved in equation (26))
that relates the projected states |Ψn(λ)〉 (cf. equation (13)) in different fermion number sectors with fermion
number 2N − 2, 2N and 2N + 2, respectively. However, we can prove that in general, the BdG ground
states |00(λ)〉BdG and |11(λ)〉BdG can not be both written in completely paired form which would otherwise
contradict the non-trivial monodromy phase (cf. equation (10)) predicted by the mean-field theory. This
can be easily seen as follows. Let’s take |00(λ)〉BdG and assume it can be written as exp{C†00(λ)}|vac〉.
After interchanging vortex 1 and 2, the BdG ground state must return back to its initial state, therefore
we must have C†00(λf ) = exp{iηC}C†00(λi) (where λi and λf label vortex configurations before and after the
interchange, respectively). The corresponding BdG ground state after the interchange then takes the form
|00(λf )〉BdG =
∑
n
1
n!
exp{inηC}C†n00 (λi)|vac〉 (31)
Comparison of the above expression with the initial state written as |00(λi)〉BdG =
∑
n C
†n
00 (λi)/n!|vac〉
immediately yields the result that ηC must vanish (modulo 2pi) and hence the monodromy phase for
|00(λ)〉BdG (An identical argument applies for |11(λ)〉BdG). As the relative monodromy phase is pi/2 (the
same as for the two-vortex case), we conclude that both of the two BdG ground states can not be written in
the completely pair form and hence the Cooper pair operators C(λ), C12(λ) and C34(λ) can not all take the
same form, leaving the possibility of non-zero contribution to the Berry phase from the Cooper pair operators.
In this section, we have shown that as a result of the particle number projection, the braiding statistics
of Majorana zero modes may receive finite modification from the Cooper pair contribution. The amount
of modification scales as (or bounded by) the area enclosed by trajectories of interchanging Majorana zero
modes. This makes braiding Majorana zero modes for quantum computing subject to corrections from the
Cooper pair contribution for any realistic system where the area enclosed by interchanging Majorana zero
modes is finite (i.e., non-vanishing) in general. Before closing this section, we note an additional issue as-
sociated with particle number projection from BdG ground states. In the mean-field theory, the average
ground state fermion number is essentially irrelevant to topological properties of Majorana zero modes as
long as the system is in the non-trivial topological phase. This makes it questionable for constructing the
corresponding particle-number conserving ground states by particle number projection. As shown by a toy
model in Appendix B, projected states in different fermion number sectors can have different Berry phases
under braiding. This result challenges the conceptual basis of using particle-number non-conserving ground
states in the mean-field theory to construct the corresponding particle-number conserving ground states for
superfluid systems with fixed fermion number, thereby posing another challenge to the BdG framework for
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studying topological properties of systems with fixed fermion number.
IV Condensate deformation in the presence of bound Bogoliubov
quasiparticles
Starting in this section, we consider modifications to many-body ground state wave functions described by
the mean-field theory which may affect properties of Majorana zero modes. Among various modifications
beyond the BdG equations such as Richardson solutions [27] and collective deformation of many-body wave
functions resulting from Anderson-Bogoliubov mode (Appendix A), we are interested in types of modifica-
tions relevant to the topological properties of superfluid ground states. Inspired by the effect of particle
number projection considered above, we restrict our considerations to modifications of Cooper pair wave
function as it directly affects braiding statistics by contributing to the Berry phase in a particle-number con-
serving description. Given the current lack of systematic theories beyond the BdG equations, we explore a
particular form of many-body wave function ansatz which contains a modified Cooper pair associated with a
bound Bogoliubov quasiparticle for a superfluid system where explicit many-body eigenstate wave functions
can be written down in the BdG theory. We show explicitly that the modified ansatz has lower energy than
the original ground state wave function in the BdG description. How this modification is related to particle
number conservation and its implications for systems with Majorana zero modes will be delayed to section
VI for a separate discussion.
The system we consider is a superfluid with s-wave pairing containing fixed odd particle number (see also
a similar model studied in [14]). A weak external Zeeman field is imposed on a region with linear dimension
much larger than the superfluid coherent length, d  ξ (see figure 6). The strength of the Zeeman field is
such that it can bind at least one Bogoliubov quasiparticle mode and at the same time has minimal effect on
the form of the superfluid condensate. We consider the system ground state and study whether it is modified
from the BdG description by a finite amount due to Cooper pair deformation in the region of the bound
Bogoliubov quasiparticle. We consider the possible modification in the thermodynamic limit in which the
size of the bound quasiparticle vanishes compared to the system size.
In the standard BdG framework, the ground state can be obtained as follows. Owing to the odd parti-
cle number parity, the ground state doesn’t correspond to the (even number parity) particle-number non-
conserving ground state. Instead, it is the first excited eigenstate containing the bound Bogoliubov quasi-
particle with the lowest excitation energy. The first excited eigenstate is then projected onto fixed particle
number sector to yield the ground state of the odd particle-number system in the BdG approximation. As
already discussed in the above section, the particle-number conserving ground state can be related to the
particle-number conserving ground state with even particle-number parity by a particle-number conserving
Bogoliubov quasiparticle operator. For the system under consideration, the even particle-number parity
ground state can be approximated by the homogeneous BCS ground state with vanishing modification for
weak Zeeman field strength. The Cooper pair associated with particle-number conserving Bogoliubov quasi-
particle has the same form as that constituting the homogeneous BCS ground state written in the completely
paired form. This is the assumption made in section III.
We now study the possibility of the Cooper pair deformation due to the presence of the bound Bogoliubov
quasiparticle. To this end, we propose the modified ground state ansatz to be a linear combination of the
ground state obtained in the BdG approximation, as described in section III and in the above paragraph and
state modified from the former by deforming the Cooper pair associated with the particle-number conserving
Bogoliubov quasiparticle in the region where the quasiparticle is bound. To simplify calculations, we shall
satisfy ourselves with the particle-number non-conserving form of the ansatz (which can be projected onto
fixed particle number sector for a particle-number conserving form). The BdG many-body wave function
with a localized quasiparticle is
Ψ0 =
∑
q
βqa
†
q↑
∏
k 6=q
(uk + vkb
†
k)|vac〉, (32)
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where the sum over q goes over states close to the Fermi surface, namely those satisfying q 4, and where
b†k ≡ a†k,↑a†−k,↓. By contrast, the many-body wave function containing one modified Cooper pair is
Ψ1 =
∑
q
βqa
†
q↑
∑
q′ 6=0
λq′
∑
k′ 6=q±q′/2
ck′b
†
k′,q′
∏
k 6=q,k′±q′/2
(uk + vkb
†
k)|vac〉, (33)
where q′ has magnitude no bigger than d−1  ξ−1 and b†k′,q′ = a†k′+q′/2,↑a†−k′+q′/2,↓. To facilitate quanti-
fying the amount of modification from the BdG ground state, Ψ1 is orthogonal to Ψ0 by construction (the
modified Cooper pair in Ψ1 contains pairing of only non-zero center-of-mass momentum, i.e., q
′ 6= 0, which
is orthogonal to Ψ0 containing only zero center-of-mass momentum pairing). To satisfy the normalization
conditions for Ψ0 and Ψ1, βq is of order 1/
√
Nq, λq′ is of order 1/
√
Nq′ and ck′ is of order 1/
√
N , where Nq,
Nq′ are number of different q and q
′ that are summed over, respectively and N is the total average particle
number.
Now let’s consider the matrix element 〈Ψ0|H|Ψ1〉 where the system Hamiltonian H is given by
H =
∑
k,σ
ka
†
kσakσ − V0
∑
k,k′,q
b†k′,qbk,q, (34)
where we have omitted the Zeeman term for simplicity. A straightforward calculation yields the following
estimate
〈Ψ0|H|Ψ1〉 = V0
∑
q,q′,k′
βqβq+q′λq′ck′(vquk′+q′/2uk′−q′/2 − uqvk′+q′/2uk′−q′/2)
∼ V0 1
Nq
1√
Nq′
1√
N
NqNq′N
4
F
∼ V0
√
NNq′
4
F
∼ 4
√
Nq′/N. (35)
We see that the matrix element is independent of the system size. In fact, the actual value is larger
by noticing that ck′ in (33) is constrained in a thin shell around the Fermi surface, since only single par-
ticle sates near the Fermi surface can be scattered by the BCS potential. The coupling between Ψ0 and
Ψ1 is due to scattering of pairs of particles in Ψ0 by non-zero center-of-mass momentum scattering terms
−V0
∑
k,k′,q 6=0 b
†
k′,qbk,q.
We expect that the diagonal energy difference between 〈Ψ0|H|Ψ0〉 and 〈Ψ1|H|Ψ1〉 to be independent
of the system size since Ψ1 is different from Ψ0 only by a localized Cooper pair. Since both this energy
difference and the off-diagonal energy 〈Ψ0|H|Ψ1〉 are independent of the system size, the variational ground
state is superposition of the two states Ψ0 and Ψ1 whose weights are independent of the system size. Hence
we reach the conclusion that modification of the Cooper pair associated with the bound quasiparticle is
finite and may be regarded as partially bound to the same region in the thermodynamic limit. Note that
this partial localization of the Cooper pair is a many-body effect since in a single-particle in a potential well
Schrodinger problem, the eigenstate of the particle is either bound to the well or extensive, but never in
between.
Intuitively, the partially bound Cooper pair may be understood as follows. Imagine we start with the
mean-field many-body eigenstate with one localized quasiparticle and consider its evolution in time. When a
Cooper pair is near the region of localization, it gets deformed due to Cooper pair-quasiparticle interaction.
The percentage of time spent by a Cooper pair near the localization region is vanishing in the thermodynamic
limit. However, all Cooper pairs get the same modification, so the effect from all Cooper pairs adds up to
compensate the small deformation of each Cooper pair. From this perspective, the more physical ansatz
beyond the BdG construction should modify all Cooper pairs in the condensate, not just one pair associated
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with the quasiparticle hole.
We have shown that in general, superfluid condensate can have finite local deformation due to a localized
quasiparticle. A most interesting question relevant to superfluid topological properties is whether such a
deformation can affect any local physical observable. We shall focus on the simplest observable, the particle
number density which is the subject of the next section.
d
Figure 6: A s-wave superfluid system with odd number of fermions, bounding a quasiparticle in a weak wide Zeeman
trap. The characteristic size of the trap is much larger than superfluid coherent length d ξ.
V Particle localization in Zeeman-Josephson model
Knowing that the superfluid condensate is deformed doesn’t directly tell us what happens to local particle
number density. In fact, it’s impractical to calculate the particle number density directly from the many-
body eigenstate (even if we know it) in the presence of a localized quasiparticle, which would take very
complicated form. Furthermore, even if we can evaluate it numerically, it wouldn’t tell us much about the
underlying physics. So we shall look for physics related to particle number conservation, which is the key
ingredient not accounted for in the BdG framework.
One type of simple model suitable for our consideration is a superconducting charge qubit [2] involving
Josephson junction. We consider a system made of two superconducting grains joined by a Josephson
junction. The total particle number of the system is conserved. The effective Hamiltonian can be written as
H = EC(n− ng)2 − EJcosφ. (36)
The first term corresponds to charging energy which depends on particle number change n between two
superconducting grains due to Cooper pair transfer between the two sides (we have rescaled EC to make
n particle number change between two superconducting grains, note that in the original definition, n refers
to Cooper pair transfer between two superconducting grains, see more detailed explanation below). The
second term is responsible for Josephson tunneling energy, φ is relative phase difference between the two
superconducting grains. ng is offset induced by gate voltage in the original transmon model and it doesn’t
need to take integer values. This simple Hamiltonian has been solved exactly [28].
For our purpose, we would like to apply the above Hamiltonian to describing the same system, but with
total odd number of particles and a uniform weak Zeeman field acting on the left grain (see figure 7). In
other words, we want to study the quasiparticle localized by a Zeeman field in the context of a Josephson
junction. The effective Hamiltonian (36) is a minimal Hamiltonian describing the competition between the
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first term which tends to fix the particle number on each grain separately and the second term, which favors
particle number fluctuation. We believe this model is relevant to capture the essential physics of particle
number localization.
B
L R
Figure 7: Josephson-Zeeman model. We consider two superconducting grains L and R connected by a insulating
junction. The total number of particles is odd. A quasiparticle with spin up is localized in the left superconducting
grain due to a uniform Zeeman field imposed on the left grain.
To adapt the Hamiltonian (36) to our Zeeman-Josephson system, we need to make some assumptions.
We need to assume that the unpaired particle contributes to the charging energy equally as that of each
paired particle so that it doesn’t change EC . We further assume that the Zeeman field is such that the un-
paired particle is only residing on the left side, namely, we ignore single particle tunneling process across the
Josephson junction. Under these assumptions, the left side grain is in a mixture of odd number of particles
whereas the right side is in a mixture of even number of particles. In the absence of the unpaired particle
(when the system has even number of particles), we set ng = 0. In the presence of the unpaired particle, we
assume its effect is to change ng to 1 for the following reason. In the infinite EJ limit, we expect no extra
particle localized on the left grain due to the localized quasiparticle, but only a net spin localized on the
left. In other words, the average particle number is increased by one half on both sides due to one added
particle to the even particle-number ground state. So the expectation value of n in the ground state should
be equal to 1 (〈n〉 = 1), namely on average, a quarter of Cooper pair (that is half a particle) is transferred
from the left to the right to compensate one unpaired particle added to the left. (Recall that n refers to
particle number change between the two sides. So for example, two particles transferred from left to right
are equivalent to a four-particle change, n = 4.) Therefore ng = 1 according to Hamiltonian (36) since in
the infinite EJ limit, 〈n〉 = ng.
Having justified using an effective Hamiltonian (36) with ng = 1 to calculate the ground state of our
Zeeman-Josephson system with odd number of particles, we can make use of available analytic results [28]
to evaluate the average particle number change 〈n〉 for finite but large EJ/EC . By the Feynman-Hellman
theorem, 〈n〉 in the ground state can be related to ground state energy derivative
〈n〉 = 1
2Ec
〈∂H
∂n
〉+ ng
= − 1
2Ec
〈 ∂H
∂ng
〉+ ng
= − 1
2Ec
∂E0
∂ng
+ ng, (37)
where E0 is the ground state energy.
We can now apply the analytical solutions found by Koch et al. [28] to evaluate (37). Noticing the their
definition of the energy scale EC and ours, the derivative ∂E0/∂ng is actually taken at ng = 1/4 in their
definition. We get the following estimate for 〈n〉
〈n〉 = 1− f(EJ/EC)exp(−
√
2EJ/EC), (38)
where f(EJ/EC) > 0 is a power law function of EJ/EC whose specific form is not very important here.
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We see from equation (38) that the particle number transfer by Cooper pairs from left to right is smaller
than one half by amount which is exponentially small. The upshot is that when finite charging energy EC is
taken into account, there is net particle localization on the left due to the localized quasiparticle. If we were
to do the calculation in the BdG framework, the extra particle (relative to system with even particle number)
would distribute evenly on the two sides. The particle and hole component of the localized quasiparticle has
the same weight and their contribution to the total particle number on the left cancels. Including the Cooper
pair to enforce fixed particle number yields a uniform distribution for one extra particle since the Cooper
pair is what constituting the even particle-number parity ground state which approaches homogeneous BCS
ground state for a weak Zeeman field in the BdG framework. Therefore, the BdG framework corresponds to
vanishing charging energy in our model. By contrast, we have shown that particle number conservation can
lead to net particle localization due to charging energy.
It is still nontrivial to generalize the above result to actual situations of a localized quasiparticle in super-
fluids. But intuitively, we can think of the region of the localized quasiparticle as one superconducting grain
and the rest as the other grain. Finite compressibility induces a charging energy cost in particle number fluc-
tuation in each region whereas Josephson energy favors particle number fluctuation. In the thermodynamic
limit, the ratio of Josephson energy to charging energy stays finite and hence we expect particle localization
to scale as inverse power law of total system size. The power law decay is determined by the ratio of total
fermion number in the localized region to that in the whole system. This ratio determines ng at which the
derivative ∂E0/∂ng (cf. equation (37)) is evaluated. ng is proportional to the ratio and ∂E0/∂ng evaluated
at ng decays in power law as the ratio goes to zero (in the above analysis leading to equation (38), we have
implicitly assumed equal size for the two superconducting grains so that the ratio is 1 there). Of course, there
are still very critical differences between a localized quasiparticle in superfluids and the Zeeman-Josephson
model. In actual situations of interest, there’s no real Josephson junction separating the two regions and
no constraints on particle number parity in either region. It is much more difficult to evaluate the effect of
particle localization in more physically relevant systems and we leave it to future study. The implication
of the particle localization due to a bound quasiparticle to detectability of Majorana zero modes will be
discussed in the next section.
VI Effect of particle number conservation on Majorana zero modes
In this section, we discuss possible effect of particle number conservation on Majorana zero modes. We
have shown in the above two sections by simple physical systems that a bound quasiparticle can induce
local condensate deformation and possible particle localization that are not accounted for in the standard
BdG framework. Now the most relevant questions involve whether similar effects exist for superfluid ground
states in the presence of Majorana zero modes and how these effects may change the topological properties
of Majorana zero modes as predicted in the BdG framework.
Let’s first consider the following question: whether Cooper pairs in degenerate superfluid ground states
spanned by Majorana zero modes receive relative deformation as a consequence of particle number conser-
vation. We are interested in the relative deformation of degenerate ground states as the braiding statistics
depends on the relative Berry phase of braiding Majorana zero modes (cf. equation (1)). To address the
possible many-body eigenstate deformation beyond the BdG approximation due to particle number conser-
vation, it is worth first considering particle number conservation within the BdG framework (see Appendix E
for more details). In general, the continuity equation is not satisfied for an eigenstate of BdG Hamiltonian (it
is of course identically satisfied if the exact Hamiltonian is used in evaluation). Instead, it is satisfied only for
BdG ground states evaluated at expectation level or for thermal average at non-zero temperatures [42–44].
In particular, it is violated for a general excited eigenstate of the BdG Hamiltonian. However, there is a
straightforward way to recover the continuity condition for excited eigenstates within the BdG framework.
Namely, the gap equation needs to be modified to take proper account of the occupation of quasiparticles
corresponding to the eigenstate in consideration. In the modified BdG framework, the gap, the excitation
spectrum and the BdG solutions become all dependent on which eigenstate we consider. For a typical low-
20
lying excited eigenstate, the modification of the gap is only of order 1/N (with N total particle number)
and hence in most situations, such a modification is negligible for most purposes such as calculating energy
spectrum. However, for physical quantities of our interest such as the Berry phase which are directly deter-
mined by many-body eigenstates, we may not be able to neglect the modification to the gap as it can result
in O(1) modification to the corresponding many-body eigenstate. Specifically, for the system considered in
section IV, the bound quasiparticle can induce an O(1) modification to the local gap, which in turn modi-
fies the corresponding many-body ground state with odd particle number parity (which is the first excited
eigenstate in particle-number non-conserving BdG framework) by a finite amount. Now comes the subtlety
concerning Majorana zero modes. Due to the topological protection of Majorana zero modes within the
BdG framework, degenerate ground states spanned by Majorana zero modes receive no relative modification
from the modified BdG framework since the local gap is independent of whether Majorana zero modes are
occupied (or equivalently which degenerate ground state we are considering). Therefore, it is worth seeking
evidence for modifications to the Cooper pair that are distinct from the modification given by the modified
BdG framework. In this respect, we note that the modification of the ground state in the modified BdG
framework is similar in nature to the modification we proposed in the ansatz (33). Furthermore, it is not
obvious whether the energy associated with the ansatz (33) is lower than that corresponding to the modified
BdG description. Thus we are unable to determine at this stage whether the modification we considered in
section IV truly goes beyond the BdG framework including the modified BdG framework. Therefore, the
question concerning possible deformation of Cooper pair involving Majorana zero modes is still left open.
(However, we do find evidence supporting a modification to the many-body ground states beyond the de-
scription of the modified BdG framework which is relevant to Berry phase [14]. See also more details on this
in the next section.)
A similar difficulty applies to the problem of particle localization due to Majorana zero modes. For
the Zeeman-Josephson system considered in the above section, we are unable to immediately exclude the
possibility that a modified BdG description may yield similar particle localization. However, we may ar-
gue in favor of particle localization due to Majorana zero modes. The physics of particle localization in
the Zeeman-Josephson model is due to the interplay between odd particle number parity in the localized
region and particle number conservation which gives rise to the charging energy. Since the local regions
where Majorana zero modes reside may have different particle number parity expectation values for different
degenerate ground states, it is possible that relative particle localization may occur in degenerate ground
states (given the caveat concerning the distinction between a bound quasiparticle in general superfluids and
the Zeeman-Josephson system).
We now comment on how the topological properties of Majorana zero modes may be affected if Cooper
pair deformation and particle localization were to occur in degenerate ground states. The Cooper pair
deformation may modify the Berry phase significantly and hence affect braiding statistics of Majorana zero
modes in non-trivial ways, which may change or even spoil Majorana-based quantum computing. There
is also another aspect about the Cooper pair deformation which is more speculative: Local condensate
deformation could potentially change the degree of freedom associated with Majorana zero modes as long-
range entanglement in the wave functions of degenerate ground states may be destroyed. This can happen
since local condensate deformation tends to make many-body states acted on by Majorana zero modes at
different locations to become orthogonal. (This can be illustrated by the following simple example. Consider
the doubly degenerate ground states |0〉 and |1〉 related by |1〉 = 1/2(γ1 + iγ2)|0〉 where γ1 and γ2 are two
Majorana zero modes located at separate positions. The long-range entanglement in the degenerate ground
states can be seen from relations γ1|0〉 = iγ2|0〉 and γ1|1〉 = −iγ2|1〉 since γ1 and γ2 are local operators
acting at separate locations. If there’s local condensate deformation at the regions where they act, we may
get γ1|0〉 to be orthogonal to γ2|0〉 and similarly for ground state |1〉.) If this turns out to be the case, we no
longer have topologically ordered many-body eigenstates in the first place. On the other hand, the particle
localization may result in equally, if not more, serious consequences to topological quantum computing with
Majorana zero modes. Particle localization implies local particle number density distinction for degenerate
ground states, thus removing topological protection. Based on discussions in the last paragraph of the above
section, we conjecture that particle localization decays as power law of separation between Majorana zero
modes. Therefore, any general local perturbation splits the degenerate ground state energy levels to power
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law decay, instead of exponential decay. Particle localization also has interesting implication to Majorana zero
modes in hybrid systems, most notably proximity-induced 1D topological superconducting wires with strong
spin-orbit coupling under external magnetic field [29]. In such a system, we may regard proximity-induced
superconducting wire(s) as superconducting island(s) and the superconducting substrate as the other island.
In such an approximation, the hybrid system may be viewed as a Josephson junction between the wire(s)
and the superconducting bath in the strong coupling limit. Provided such a approximation is legitimate,
the particle localization in the wire(s) will scale as inverse power law of the size of the superconducting bath
(relative to that of the wire(s)), multiplied by an exponential factor which decays in wire length(s). The length
scale(s) will set by wire charging energy and coupling energy between the wire(s) and the superconducting
bath. The dependence of particle localization and hence energy splitting between degenerate ground states
due to particle number conservation differs from standard predictions in the BdG framework and may be
tested experimentally.
VII Summary
In this paper, we have made a first attempt towards constructing a particle-number conserving theory of
Majorana zero modes in p+ip superfluids. We emphasize that particle number conservation is necessary for
deriving physically sensible results on the braiding statistics of Majorana zero modes in condensed matter
systems in which fermion number is always conserved. We have managed (with modest success) to show
that particle number conservation could have important effects due to contribution from Cooper pairs in the
condensate.
We started within the BdG framework and investigated whether particle-number conserving many-body
states as projected from particle-number non-conserving many-body eigenstates in the BdG framework in-
herit the same topological properties for Majorana zero modes. We found that while topological properties
remain unchanged in the thermodynamic limit, they are subject to modifications for realistic systems of finite
size. We demonstrated the possibility of modifications to the braiding statistics of Majorana zero modes in
vortices of p+ip superfluids due to the Cooper pair contribution.
We then considered more subtle effect as consequences of particle number conservation by exploring
modifications to many-body wave functions beyond BdG description. We focused on the particular type of
modifications manifest in Cooper pair/condensate deformations near bound quasiparticles, motivated by the
observation that Cooper pairs can contribute directly to Berry phase. We showed that local modifications
to the Cooper pairs due to a bound quasiparticle can yield finite modifications to many-body eigenstates of
BdG Hamiltonian. Further manifestation of particle number conservation is seen in local physical observable
modification near a bound quasiparticle such as induced particle localization due to finite charging energy.
The generalization of these modifications to Majorana zero modes is highly nontrivial, and we need to
have a much better understanding of the underlying many-body ground states beyond BdG approximation.
At the time of writing, we are unable to distinguish the modification to Cooper pairs we considered from that
due to a modified BdG framework, which has no effect on Majorana zero modes. However, it’s suggestive
of such modifications beyond modified BdG framework, as evidenced in the 1D annulus model in which the
Berry phase resulting from transport of a bound quasiparticle is studied by the present authors (see the
description of the model in Introduction). We found that modification to the ground state wave function
involves entanglement between the bound quasiparticle and the superfluid condensate, which can not be
accounted for even in the modified BdG framework. Such a beyond-BdG modification to the ground state
is necessary for obtaining a physically sensible Berry phase compatible with f-sum rule (which is closely
related to particle number conservation). As for the particle localization, we have provided arguments in
favor of its existence since relevant physics depends on local particle number parity and should be applicable
to Majorana zero modes as well. Should such modifications to occur to Majorana zero modes, they may
change the topological properties of Majorana zero modes significantly and have profound consequences on
topological quantum computing with Majorana zero modes.
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Throughout our analysis, we see that the physics of Majorana zero modes in superfluids deserves much
more sophisticated studies beyond simple BdG framework which breaks particle number conservation. In
this report, we have just launched the first attempt seeking a particle-number conserving theory of Majorana
zero modes and we are looking forward to more such efforts to either verify or drastically modify the current
physical picture of Majorana zero modes in superfluids.
Appendices
Appendix A BCS mean-field theory and sum rules
In this appendix, we illustrate some unphysical consequences of the BCS mean-field theory as a result of
its violation of particle number conservation. The BCS mean-field theory and the corresponding reduced
BCS Hamiltonian violates gauge invariance [30] and this problem came under intensive debate in the early
days of BCS theory. It was realized that the collective modes of the condensate need to be included to
restore gauge invariance and various sum rules such as the f-sum rule. In the case of a translational invariant
system, pair interactions with non-zero center-of-mass momenta need to be included, as shown by Anderson,
to enforce gauge invariance, and we get low energy collective excitations such as the Anderson-Bogoliubov
(AB) mode [31] for neutral superconductors. Here, we show that the homogeneous BCS ground state wave
function violates a sum rule and explore how one might modify it, followed by an example in Appendix A.1
in which a gauge invariant calculation taking proper account of the condensate dynamics is essential. Finally
in Appendix A.2, we provide another consequence of violating particle number conservation that results in
violation of Galilean invariance.
The well-known homogenous BCS ground state wave function is given by
|GS〉BCS =
∏
k
(uk + vka
†
ka
†
−k)|vac〉, (39)
where u2k = 1/2(1 + k/Ek) and v
2
k = 1/2(1− k/Ek), k is the single particle kinetic energy defined relative
to the Fermi energy, Ek =
√
2k +42 is the quasiparticle energy spectrum. For simplicity, we have omitted
spin indices. Let’s evaluate the long-wavelength density fluctuations Sq ≡ 〈ρqρ−q〉 in the BCS ground state:
This can be calculated by expanding ρq and ρ−q in terms of Bogoliubov quasiparticles α
†
kσ with energy
Ekσ =
√
2k + | 4 |2 and making use of 〈αkσα†k′σ′〉 = δkk′δσσ′ , 〈αkσαk′σ′〉 = 〈α†kσα†k′σ′〉 = 0.
lim
q/kF→0
〈ρqρ−q〉 ' 2pi4N(0), (40)
where N(0) is the density of states at Fermi surface and 4 is the superconducting gap. Expression (40)
approaches a constant in the long wavelength limit; this is noted in [30], but surprisingly it is not remarked
there that this behavior violates the sum rules (f-sum rule and compressibility sum rule). We can see this as
follows: the upper bound of the long wavelength density fluctuation can be found from a Cauchy-Schwartz
inequality combined with f-sum rule and compressibility sum rule as
lim
q/kF→0
〈ρqρ−q〉 < Nq
mc
, (41)
where N is the total particle number and c is the speed of the low-energy hydrodynamic mode which is of
the order of the Fermi velocity. So the long-wavelength density fluctuations should vanish as q approaches
zero.
We may modify the BCS ground state wave function by including the zero-point fluctuations of the AB
modes by the following ansatz (which is actually rather routine in first-principles approaches to neutral Fermi
systems, see e.g., [32])
|GS〉mod = exp(−
∑
q
λqρqρ−q)|GS〉BCS, (42)
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where λq = mc/(Nq).
In the above ansatz, long-wavelength density fluctuations are damped by λq as q approaches zero.
A.1 An Example of Failure of Application of the BdG equations - NMR signa-
ture of 3He-B Surface
Here we present an example where a gauge invariant calculation taking into account superfluid condensate
dynamics is essential in obtaining correct physics. We consider NMR longitudinal absorption in a 3He-B
film. It is well known that for bulk 3He-B, the longitudinal absorption is solely due to nuclear spin dipole
interaction which is the only source in the Hamiltonian breaking rotation symmetry of spin relative to orbital
coordinates, and so resonance peak is completely determined by dipolar energy, whose dominant contribu-
tion comes from the superfluid condensate spins due to their collective behavior (see e.g., [33] and [34], for
a review, see [35]). Including the surface shouldn’t qualitatively change the nature of the NMR response.
However, if we implement mean-field calculation as done in [36], we will get a qualitatively wrong signal in
which absorption starts from the surface BdG quasiparticle energy gap which is dependent on the Larmour
frequency. In particular, in the limit of vanishing external magnetic field, the absorption as calculated in [36]
starts from zero frequency, signaling Majorana zero modes localized at the surfaces. In this example, we
see that if the condensate has interesting internal structure which is spin structure in this case, we need to
pay attention to the condensate dynamics and shouldn’t without argument take the condensate as c-number
background. Technically, in this example, a mean-field calculation based on the BdG equations breaks the
conservation laws. A gauge invariant calculation (for gauge invariant schemes see e.g. [37]) has been done
by Taylor et al. [38] and they confirmed that the qualitative feature of NMR absorption is unchanged from
that of the bulk. See figure 8 for an illustration of NMR longitudinal absorption of a 3He-B film.
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Figure 8: NMR longitudinal absorption of a 3He-B film. (a) system setup, magnetic field H is uniform pointing in
z direction (b) prediction based on mean-field BdG solutions: the absorption occurs at Larmour frequency ωH (c)
result based on gauge invariant calculation by Taylor et al.: the absorption signal agrees qualitatively with that of
the bulk with resonance frequency determined by nuclear spin dipole energy ωD and broadened by Majorana zero
modes at the film surface, sketch is adapted from figure 3 of [38].
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A.2 Galilean Invariance
The lack of particle number conservation in the BCS theory also results in violation of Galilean invariance:
we illustrate this by comparing the momentum of a BdG quasiparticle in two reference frames, one boosted
from the other by a finite velocity. The BdG quasiparticle is created in a BCS s-wave uniform superfluid
α†k = uka
†
k↑ + vka−k↓, (43)
with the corresponding BCS ground state wave function taking the standard BCS form |GS〉 = ∏k(uk −
v∗ka
†
k↑a
†
−k↓)|vac〉 in the lab frame. We first calculate in the lab frame the momentum of the quasiparticle
described by (43) by comparing the total momentum of the superfluid with and without the quasiparticle
excitation
plab = 〈αkPα†k〉 − 〈P 〉 = 〈αk, [P, α†k]〉. (44)
The commutator of total momentum operator P with α†k is evaluated to be kα
†
k. Inserting it back to the
above equation, we get plab = k. This is what we expect.
Now we boost the superfluid by switching to a moving frame in which the ground state wave function
becomes |GS′〉 = ∏k(uk − v∗ka†k+K/2↑a†−k+K/2↓)|vac〉 with total momentum of each Cooper pair equal to K.
The corresponding quasiparticle creation operator in the boosted superfluid is given by
α˜† = uka
†
k+K/2↑ + vka−k+K/2↓. (45)
The quasiparticle momentum in the boosted frame is evaluated in a similar way to be
pboost = k +
K
2
(|uk|2 − |vk|2). (46)
This result violates the Galilean invariance according to which we expect the quasiparticle momentum
in the boosted frame to be k + K/2. This is simply due to particle-number non-conserving form of the
many-body wave functions. As we compare the expectation value of total particle number of many-body
eigenstates with and without the quasiparticle excitation, the particle number is not increased by one, but
by |uk|2−|vk|2. Therefore in the boosted frame, the momentum change due to the quasiparticle is not equal
to k +K/2. The resolution for fixing this problem is either to adjust coefficient of uk and vk for all k when
the quasiparticle is added to the superfluid ground state to ensure average total particle number is increased
by one (recall that the average total particle number is determined by
∑
k |vk|2, by adjusting vk (and also uk
for normalization condition) we can ensure the desired average total particle number) or simply to associate
a Cooper pair creation operator to the hole part of the quasiparticle. If we associate a Cooper pair to the
hole part of the quasiparticle, the boosted particle momentum satisfies Galilean invariance
p′boost = k +
K
2
(|uk|2 − |vk|2) +K|vk|2
= k +
K
2
(|uk|2 + |vk|2) = k + K
2
, (47)
where the last term on rhs of first equality above is contribution from the Cooper pair to the momentum.
This result satisfies Galilean invariance.
This simple example illustrates possible violation of fundamental physical principles due to particle-
number non-conserving in the standard mean-field approach. In this particular example, we see that extra
care needs to be taken when the superfluid is moving.
Appendix B Braiding Majorana fermions using 1D Kitaev Net-
work with Conserved Particle Number
In this appendix, we lay out the details of calculating the braiding statistics of Majorana zero modes in
1d Kitaev-wire networks with conserved particle number. Since we consider an effectively quasi-1d sys-
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tem (three-dimension physically to support superconducting long-range order) with fixed particle number
(i.e., it doesn’t exchange particles with environment) and the original Kitaev-wire [39] doesn’t conserve
particle number, we use the Kitaev-wire Hamiltonian (i.e., mean-field BCS Hamiltonian) to first calculate
particle-number non-conserving many-body eigenstates and then project onto a fixed particle-number sector
to obtain particle-number conserving states at the mean-field level. The motivation for doing this is to check
whether states with fixed particle number evolve under interchanging Majorana zero modes in the same way
as particle-number non-conserving states do. The monodromy phase will not be affected by fixing particle
number since states with fixed particle number are obtained by projecting particle-number non-conserving
states. However, the Berry phase may differ for the two cases as the Berry phase for a particle-number
non-conserving state is the average Berry phase of states each with fixed particle number. This average is
not necessarily equal to its constituents unless there is an equal contribution from every state with fixed
particle number (cf. Section III).
In order to move Majorana zero modes, we impose some external potentials on the wires so that both
chemical potential and particle-particle interactions can be tuned. To keep the calculation physical, there
are two criteria to meet during the move.
1. The self-consistency condition or gap equation needs to be satisfied. This requirement may complicate
calculations if we had to iterate mean-field calculations to achieve self-consistency. Furthermore, we require
physically reasonable particle-particle interactions (in our calculations, a short-range interaction).
2. The average particle number calculated by the mean-field approach needs to be fixed during the
braiding. Since we are considering particle-number conserving wave functions, the average particle number
needs to remain constant before projection.
There is an issue related to the second criterion also discussed in the main text. The second criterion
is to ensure that particle-number conserving wave functions are well approximated by the particle-number
non-conserving wave functions. In large systems with macroscopic particle number, this condition may be
loosened to allow certain amount of variation in average particle number. It is unclear to what extent this
can be done without affecting the braiding statistics.
Furthermore, there’s another issue, namely orthogonality. As particle-number conserving wave functions
are obtained by projection from particle number non-conserving wave functions which form an orthonormal
basis, after projection the wave functions may be slightly non-orthogonal. To calculate the braiding statis-
tics self-consistently, we need to use an orthonormal basis. As the system size becomes large, the degree
of non-orthogonality should become small. However, it is not totally clear whether the non-orthogonality
decreases fast enough to ensure consistency.
With these caveats, let’s proceed to examine braiding Majorana zero modes in fixed particle number sys-
tems. We’ll first check in B.1 whether the two criteria can be realized in a simple system. Before embarking
on braiding Majorana fermions, we’ll briefly review in B.2 non-Abelian braiding with an emphasis on gauge
invariance which will be useful for simplifying calculation in exchanging two Majorana zero modes. Finally,
in B.3 and B.4, we discuss double and single interchange braiding scheme respectively.
B.1 Criteria Check
Fortunately, the two criteria can be satisfied in a relatively straightforward way. Consider a single wire
with two open ends described by the following mean-field particle-number non-conserving Hamiltonian (i.e.,
Kitaev-wire Hamiltonian)
H =
N−1∑
i=1
(a†i + ai)(a
†
i+1 − ai+1). (48)
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Defining Majorana fermions as
γA =
a† − a
i
,
γB = a
† + a, (49)
equation (48) can be written as
H =
N−1∑
i=1
iγi,Bγi+1,A. (50)
There are two Majorana zero modes at the ends γ1,A and γN,B . It can be easily checked that the order
parameter in the ground state is
〈ai+1ai〉 = −1/4, (51)
for any N > 2, where i = 1, · · · , N − 1. To satisfy the gap equation, we only need to require the nearest-
neighbor interaction to be
Vi,i+1 = −4. (52)
So a physically realistic nearest-neighbor interaction suffices to satisfy the self-consistency condition. The
full particle-number conserving Hamiltonian which gives rise to the mean-field approximation (i.e., expres-
sion(48)) is given by
Hfull =
N−1∑
i=1
−a†iai+1 + h.c.− 4a†ia†i+1ai+1ai. (53)
Next, let’s try to move the left Majorana zero mode γ1A to the right by one site and in the meanwhile
move the right Majorana zero mode γ2B to the right by one site in order to keep average particle number
constant (see figure 9). Let the tuning mean-field Hamiltonian to be
H ′ = 2λµ1(λ)a
†
1a1 + (1− λ)(a†1 + a1)(a†2 − a2)
+ 2(1− λ)µN+1(λ)a†N+1aN+1 + λ(a†N + aN )(a†N+1 − aN+1). (54)
(Note that the system Hamiltonian can be read off from a graphic representation such as that shown in figure
9 (it represents H + H ′ with H and H ′ given by equation (48) or equivalently equation (50) and equation
(54), respectively) according to the following rules. Each site is represented by two dots corresponding to
real and imaginary part of the fermion on the site. The left dot represents γi,A and the right represents γi,B
and the fermion creation operator one the site i is a†i = 1/2(γi,A + iγi,B). Depending on direction, each link
with arrow represents either iγi,Bγi+1,A (pointing from site i to site i+ 1) or iγi+1,Aγi,B (pointing from i+ 1
to i). A link with varying strength parameterized by λ is represented by a dashed line. An isolated dot
represents an unoccupied site with positive chemical potential on it.) We require that as λ goes from 0 to 1,
both Majorana zero modes are moved to the right by one site. This is easily achieved as long as µ1(λ) > 0
and µN+1(λ) > 0. As shown in figure 9, at stage (a), there is one Majorana zero mode γ1,A sitting at site
1, and one Majorana zero mode γN,B sitting at site N. Site N + 1 is initially unoccupied. At intermediate
stage (b), the strength of the link (i.e., the magnitude of coefficient of γ1,Bγ2,A of the Hamiltonian) between
site 1 and 2 decreases whereas the strength of the link between N and N + 1 increases (remember that
the changing strength of links is represented by dashed lines), meanwhile the chemical potential on site 1
increases and that on site N + 1 decreases. At final stage (c), site 1 is unoccupied and the link between site
1 and 2 vanishes, whereas strength of link between site N and N + 1 reaches final value. The Majorana
zero modes are now sitting at site 2 and N + 1, respectively. Constant average particle number during the
process can be achieved by tuning functions µ1(λ) and µN+1(λ). Explicit calculation shows that the order
27
parameters 〈ai+1ai〉 for i = 2, · · · , N − 1 remain unchanged while for i = 1 and i = N , they change as
functions of λ. The gap for i = 1 and i = N can be tuned to be equal to the value we need by tuning the
corresponding nearest neighbor interactions Vi,i+1 since the gap for link i− i+ 1 is equal to Vi,i+1〈ai+1ai〉.
So both criteria are satisfied in the process of moving Majorana zero modes and at the same time we are able
to calculate explicitly the many-body wave functions of the system. In Section B.3 and B.4, both criteria
will be checked explicitly throughout the braiding process.
γ1,A γN,B
γ1,A γN+1,BγN,B
γN+1,B
(a) 
(b) 
(c) 
γ2,A
γ2,A
Figure 9: Moving Majorana zero modes in a single wire. Black and white dots represent two Majorana fermions at
each site. (a) initial configuration. (b) Moving both the left and right Majorana zero modes to the right by one site.
(c) Final configuration.
B.2 Non-Abelian transformation and gauge invariance
Consider a Hamiltonian H(λ) depending continuously on λ with n degenerate levels which do not cross other
levels. As H(λ) is adiabatically varied and returned to the initial one, a set of n states which at time ti
are degenerate orthonormal eigenstates of H(λi) undergo non-abelian transformation and each of the final
states is a unitary transform of the initial states. For an arbitrary smooth set of bases ψa(t), the solutions
to the time-dependent Schrodinger equations ηa(t) can be written as
ηa(t) = Uab(t)ψb(t) (55)
with the initial condition ηa(ti) = ψa(ti), a = 1, 2, · · · , n. Uab(t) is found to be [40]
U(t) = P exp
∫ t
ti
A(τ)dτ, (56)
where Berry connection A is given by
Aab = (ψa, ψ˙b)
∗ (57)
with ψ˙b ≡ ∂ψb/∂τ and P is the time-ordering operator.
If we choose another set of basis ψ˜(t) = Ω(t)ψ(t), A transforms as
A˜ = Ω˙Ω−1 + ΩAΩ−1, (58)
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and U transforms as
U˜ = Ω(ti)UΩ
−1(t). (59)
The solutions to the time-dependent Schrodinger equations η˜a(t) become
η˜a(t) = U˜ab(t)ψ˜b(t) = Ωab(ti)ηb(t) (60)
with initial condition η˜a(ti) = ψ˜a(ti) = Ωab(ti)ψb(ti). Equation (60) demonstrates gauge invariance of the
evolution of the solutions, i.e., the evolution is independent of different choices of Ω so that the evolution of
ground states is uniquely determined by their initial states (in equation (60), the time evolution of η˜a(t) is
independent of time dependence of Ωab(t) and is completely determined by the initial values Ωab(ti)). In the
following two sections, we shall calculate evolution of degenerate ground states in different choices of bases
to confirm the gauge independence and so to justify our choice of basis for calculating Berry phase in B.4.
B.3 Double interchange of Majorana zero modes
In this and the next sections, we’ll consider systems harboring four Majorana zero modes γi, i = 1, 2, 3, 4
and interchange γ1 and γ2. It’s simplest to discuss braiding in the diagonal basis: such a basis is given by
|00〉 and |11〉 = f†1f†2 |00〉, f1 = γ1 + iγ2 and f2 = γ3 + iγ4 and we interchange positions of γ1 and γ2. In this
basis, the off-diagonal Berry connections vanish by construction. The off-diagonal Berry connection 〈00|1˙1〉
( ’ ˙ ’ denotes derivative) is
〈00|1˙1〉 = 〈00|f˙†1f†2 |00〉+ 〈00|f†1f†2 |0˙0〉 (61)
Both terms that contribute to 〈00|1˙1〉 vanish: for the first term, we can first switch positions of f˙†1 and
f†2 with a minus sign since they anti-commute due to Fermi statistics and their exponentially small spatial
overlap and next operate f†2 on 〈00| giving zero by definition since f2|00〉 = 0; for the second term, 〈00|f†1 = 0
by definition. Thus 〈00|1˙1〉 = 0. In this basis, if we can make |00〉 and |11〉 real throughout the braiding,
the Berry phase vanishes for each state. Then the braiding is completely determined by the explicit change
(monodromy) of the basis states. This can be realized in the set up shown in figure 10. The arrows and
links have the same meaning as discussed below equation (54) in Section B.1. When a link goes from solid
to dotted, it means the strength of the link decreases continuously to zero (and vice versa). An isolated dot
denotes an unoccupied site. When the dot goes from isolated to connected by a link, the chemical potential
on that site decreases to zero (and vice versa). According the rules given below equation (54), one can easily
read off the corresponding Hamiltonian for the braiding process from figure 10.
Adiabatic evolution of the Hamiltonian according to figure 10 yields double interchange of γ1 and γ2 at
the end of the braiding and both of the operators continuously evolve back to themselves with extra minus
sign (note that this result is the same as that with interchanging two vortices and therefore two Majorana
zero modes twice in p+ip superfluids). Therefore |11〉 picks up an explicit phase of pi relative to |00〉 at
the end of the braiding. Combining with the (trivial) Berry phase contribution, the final states evolve to
|η(00)〉f = eiφ|η(00)〉i, |η(11)〉f = ei(φ+pi)|η(11)〉i with initial condition |η(00)〉i = |00〉i and |η(11)〉i = |11〉i
(we use η to denote actual solutions of time-dependent Schrodinger equations). Now if we switch to another
basis |0˜0〉 = α|00〉+ β|11〉 and |1˜1〉 = β∗|00〉 − α∗|11〉, with initial condition |η(0˜0)〉i = |0˜0〉i and |η(1˜1)〉i =
|1˜1〉i (assume constant α and β), they should evolve to
|η(0˜0)〉f = α|η(00)〉f + β|η(11)〉f = eiφ(α|η(00)〉i − β|η(11)〉i)
|η(1˜1)〉f = β∗|η(00)〉f − α∗|η(11)〉f = eiφ(β∗|η(00)〉i + α∗|η(11)〉i). (62)
Each of them evolves into linear combination of the initial states. The U matrix in this basis should be
identity according to equation (59) since the in the diagonal basis, U is identity. This can be easily verified.
The Berry connection matrix elements are
〈0˜0| ˙˜00〉 = 2Im(α∗β)〈00|1˙1〉
〈1˜1| ˙˜11〉 = −〈0˜0| ˙˜00〉
〈0˜0| ˙˜11〉 = −Im(α∗2 + β∗2)〈00|1˙1〉, (63)
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Figure 10: Exchanging Majorana zero modes γ1 and γ2 twice in 1D Kitaev network. (a) Initial configuration. (b1) -
(b3) Intermediate configuration. At (b2), γ1 is localized at both top and bottom sites in the figure and so is γ2; the
former are localized on the right of the top and bottom sites (i.e., imaginary part of fermion, γB in the sense of figure
9) and the latter are localized on the left (i.e., real part, γA). For simplicity, we didn’t draw each site by two dots as
we did in figure 9. If we were to do that, then γ1 is localized at the right dot on the top and bottom site and γ2 is
at the left dot on the top and the bottom site. The other two Majorana zero modes γ3 and γ4 are also moved, but
they eventually go back to their initial positions and very importantly they never cross other Majorana zero modes.
(c) Final configuration.
which according to equation (61) all vanish.
So far, we have discussed particle-number non-conserving states. What about particle-number conserv-
ing states? Equation (61) is not strictly satisfied for finite size systems. In the thermodynamic limit, it is
satisfied. The Berry phase associated with each basis state still vanishes since they are real after particle
number projection. So in this braiding scheme, the braiding statistics is unchanged from particle-number
non-conserving case.
To verify the above result, we have performed explicit calculations in the diagonal basis with average
number of 4 electrons for particle non-conserving states (throughout the braiding, the hopping and gap pa-
rameter are set equal). Our calculations confirm that the two ground states evolve continuously as we expect.
The two criteria listed in Section B.1 are satisfied and the energy gap never closes during the braiding. There
is one caveat: at the stage where the two Majorana fermions interchange places (cf. (b2) in figure 10), the
average particle number of |11〉 differs from that of |00〉 with a maximum discrepancy of one electron in the
middle of the stage. Although this issue is absent for some basis states, constant average particle number can
not be satisfied for states in all bases. In practice, we may ensure the constant average particle number in
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one basis state and obtain the particle conserving state for the other basis state by applying particle number
conserved BdG operators to the former state.
B.4 Single interchange of Majorana zero modes
It’s more interesting to know the braiding statistics arising from interchanging two Majorana zero modes
once. This can be realized in the T-junction geometry proposed by Alicea et al [41]. It turns out that braiding
in particle-number conserving systems can also be realized in the same T-junction provided we can ensure
constant average particle number by, for example, moving the other two zero Majorana fermions accordingly.
This can be achieved similarly to the double interchange scheme. The braiding process is shown in figure
11 where we have adopted a simplified configuration which can realize Majorana zero modes interchange as
a T-junction does. The arrows, links and isolated dots have the same meaning as discussed in the above
section and the corresponding Hamiltonian can be easily read off from figure 11 according to the rules laid
out below equation (54).
(a)
(c) (d)
(b)
 1
 2
 3  4  3  4
 1
 2
 4 1 3  2  4 1 3  2
Figure 11: Exchanging Majorana zero modes γ1 and γ2 in a 1D Kitaev network. (a) γ2 is moved to the left as
indicated by the two blue arrows; in the process of moving, γ2 is localized at two sites as indicated by the two blue
arrows. (b) γ1 and γ2 are interchanged. (c) γ1 is moved to the right to the original place of γ2 before interchange.
(d) γ2 is moved to the right to the original place of γ1 before interchange. The final configuration is the same as
before interchange with γ1 and γ2 having swapped places. From (b) to (c) and from (c) to (d), γ4 is also moved to
ensure particle number conservation.
In the diagonal basis, the two basis functions are no longer real. In the particle-number non-conserving
form, the two states have the same Berry phase during the interchange. However, it is not necessarily true
for the particle-number conserving states and we may expect different braiding statistics for particle-number
conserving states! Switching to another basis with real basis states doesn’t alter the conclusion due to
gauge invariance. Let us check gauge invariance by starting from a non-diagonal basis given by |00〉 and
|11〉 = f†1f†2 |00〉 with f1 = γ3 + iγ1 and f2 = γ4 + iγ2 which are real throughout the interchange process.
At the end of the braiding, γ1 becomes ±γ2 and γ2 becomes ∓γ1. We haven’t specified the signs after
the braiding which depend on the braiding sequence (clockwise or counterclockwise). At the end of the
braiding, the basis functions become (according to the definition that |11〉 = f†1f†2 |00〉 with f1 = γ3 + iγ1
and f2 = γ4 + iγ2)
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|00〉f = 1√
2
(|00〉i ± |11〉i)
|11〉f = 1√
2
(|11〉i ∓ |00〉i). (64)
The transformation matrix U for the solutions to the time-dependent Schrodinger equations is found to be
(cf. equation (56))
U =
(
cosθ sinθ
−sinθ cosθ
)
(65)
with θ =
∫ tf
ti
dt〈00(t)|1˙1(t)〉. Combining equation (65) with (64), we get the solutions at the end of braiding( |η(00)〉f
|η(11)〉f
)
=
1√
2
(
cosθ sinθ
−sinθ cosθ
)(
1 ±1
∓1 1
)( |η(00)〉i
|η(11)〉i
)
=
(
cos(θ ± pi4 ) sin(θ ± pi4 )−sin(θ ± pi4 cos(θ ± pi4 )
)( |η(00)〉i
|η(11)〉i
)
. (66)
Now, we switch back to the diagonal basis given by |0˜0〉 and |1˜1〉 = f˜†1 f˜†2 |0˜0〉 with f˜1 = γ3 + iγ4 and
f˜2 = γ1 − iγ2. The diagonal basis states are related to the non-diagonal basis states by
|0˜0〉 = 1√
2
(|00〉 − i|11〉)
|1˜1〉 = 1√
2
(|00〉+ i|11〉). (67)
At the end of the braiding, they are
|0˜0〉f = e±ipi/4(|0˜0〉i
|1˜1〉f = e∓ipi/4|1˜1〉i. (68)
The U matrix is
U =
(
eiθ 0
0 e−iθ
)
. (69)
From equation (67) and (66), we obtain the final solutions in the diagonal basis( |η(0˜0)〉f
|η(1˜1)〉f
)
=
1√
2
(
1 −i
1 i
)( |η(00)〉f
|η(11)〉f
)
=
1√
2
(
1 −i
1 i
)(
cos(θ ± pi4 ) sin(θ ± pi4 )−sin(θ ± pi4 cos(θ ± pi4 )
)( |η(00)〉i
|η(11)〉i
)
=
1√
2
(
1 −i
1 i
)(
cos(θ ± pi4 ) sin(θ ± pi4 )−sin(θ ± pi4 cos(θ ± pi4 )
)
1√
2
(
1 1
i −i
)( |η(0˜0)〉i
|η(1˜1)〉i
)
=
(
ei(θ±
pi
4 ) 0
0 e−i(θ±
pi
4 )
)( |η(0˜0)〉i
|η(1˜1)〉i
)
. (70)
This is the same as obtained by combining equation (68) and (69)( |η(0˜0)〉f
|η(1˜1)〉f
)
=
(
eiθ 0
0 e−iθ
)(
e±ipi/4 0
0 e∓ipi/4
)( |0˜0〉i
|1˜1〉i
)
=
(
ei(θ±
pi
4 ) 0
0 e−i(θ±
pi
4 )
)( |η(0˜0)〉i
|η(1˜1)〉i
)
. (71)
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So consistency is satisfied. If θ is nonzero, then we get a different braiding result for particle-number
conserving states compared to particle-number non-conserving states for which θ = 0.
We have implemented calculations for eight lattice sites and on average four particles. Calculations are
done in an off-diagonal basis in which basis states are kept real during the interchange. The off-diagonal
Berry phase θ (cf. the matrix in equation (65)) is calculated. We found that for particle-number conserving
states with four particles, θ = 0 consistent with result for particle number non-conserving states. Interest-
ingly, θ = ±0.4 for states in two and six particle number sectors respectively. It will be interesting to see
how nonzero Berry phases away from average particle number scale with the system size.
Appendix C Derivation of Majorana wave functions in the alter-
native interchange process
In this appendix, we derive the Majorana wave functions given by equation (20). We first obtain the solutions
to the BdG equations in the rotated frame and then express the solutions in the original frame (see figure
4). In the rotated frame, the Majorana wave functions are independent of θ0 since they don’t change their
configuration in the rotated frame. So their wave functions in the rotated frame are given by their initial
ones
u′1(r, θ0) = u1(r, θ0 = 0) = exp{
pi
2
i}u(|~r − ~R1|)eiθ(~r−~R1)
u′2(r, θ0) = u2(r, θ0 = 0) = u(|~r − ~R2|)eiθ(~r−~R2), (72)
where prime superscripts are used to denote solutions in the rotated frame; the factor exp{pi2 i} of u1(r, θ0 = 0)
comes from the overall phase of pi at the core of vortex 1 due to vortex 2 (cf. figure 4). Since the rotated
frame is rotated by θ0 relative to the lab frame, the solutions in the lab frame will pick up a phase factor
exp{−θ0i}, yielding the expression in (20). Alternatively, we can compare the BdG equations in the two ref-
erence frames. The diagonal terms of the BdG equations take the same form, whereas the off-diagonal terms
differ by a phase factor exp{−2θ0i} because ∂x′ + i∂y′ = (∂x + i∂y)exp{−θ0i} and the center-of-mass degree
of freedom of the gap in the rotated frame 4′ is related to that in the lab frame 4 by 4′ = 4exp{−θ0i}.
So when transformed to the lab frame, u1 and u2 pick up an extra phase factor exp{−θ0i}. End of derivation.
Appendix D The equivalence of the two interchange processes
In this appendix, we verify the equivalence of the two interchange processes discussed in Section III. Let’s
compare the ansatz for the Cooper pair wave function (24) with (19). The ansatz (24) yields an order
parameter center-of-mass phase which is smaller than the ansatz (19) by 2θ0. This agrees with the center-
of-mass phase difference of the superfluid order parameter in the two interchanging processes. Notice that
the total phase difference of the Cooper pair wave function between the two processes is 3θ0, with a 2θ0
contribution from the center of mass gap phase and a θ0 contribution from the relative gap phase difference,
both of which appear in the BdG equations (so the overall phases of the gap in the BdG equations in the
two processes differ by 3θ0). In addition, we have seen that the two interchanging processes yield the same
braiding phase. It’s thus tempting to ascribe the difference in the two processes to an overall phase factor.
This overall phase factor may be regarded as a gauge choice, i.e., choice of instantaneous ground states, and
we may conclude that the two processes belong to the same physical process. Let’s examine the argument in
more detail. Let’s assume that |0(θ0)〉2N in the alternative process is the same as that in the standard one,
with an extra phase factor of exp(−i3θ0N/2) (compare equation (24) with (19)). If at the same time, the
corresponding BdG operators in the two processes were the same up to a phase factor, then we can conclude
that the two processes are identical. With the definition of the Majorana fermion operator (16), the Majorana
wave functions in the two processes (8), (20) and the assumption that C†II(θ0) = C
†
I (θ0)exp(−i3θ0) (Roman
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subscripts refer to the two processes), we can explicitly write down the expressions for the BdG operators
in the two processes
α†I(θ0) =
∫
d2r exp{θ0i
2
}(u(|~r − ~R1|)ei(θ(~r−~R1)+pi/2) + iu(|~r − ~R2|)eiθ(~r−~R2))ψ†(r)
+ exp{−θ0i
2
}(u(|~r − ~R1|)e−i(θ(~r−~R1)+pi/2) + iu(|~r − ~R2|)e−iθ(~r−~R2))ψ(r)C†I (θ0),
α†II(θ0) =
∫
d2r exp{−θ0i}(u(|~r − ~R1|)ei(θ(~r−~R1)+pi/2) + iu(|~r − ~R2|)eiθ(~r−~R2))ψ†(r)
+ exp{−2θ0i}(u(|~r − ~R1|)e−i(θ(~r−~R1)+pi/2) + iu(|~r − ~R2|)e−iθ(~r−~R2))ψ(r)C†I (θ0).
We see that α†II(θ0) is proportional to α
†
I(θ0), with a phase factor exp{−3θ0/2i}. So we may indeed identify
the two processes!
Appendix E Particle number conservation in the BdG formalism
In this appendix, we discuss particle number conservation in the BdG formalism. As a BdG Hamiltonian
doesn’t conserve particle number, it is worth asking whether the many-body eigenstates corresponding to
the BdG equations satisfy particle number conservation for the BdG Hamiltonian. This question has been
discussed by several authors [42–44]. I shall follow [44] in which contributions to charge and current from
condensate and quasiparticles are clearly distinguished, which is useful for our discussions. We will discuss
particle number conservation (or lack of it) associated with the BdG equations in general inhomogeneous
s-wave superconducting states whose quasiparticle energies are degenerate in spin (i.e. no spin-dependent
potential). Following this, we will show how a straightforward modification within the BdG formalism can
recover particle number conservation for a general excited many-body eigenstate.
Consider the BdG equations
(
H0 4
4∗ −H∗0
)(
un
vn
)
= n
(
un
vn
)
(73)
where H0 is the single particle Hamiltonian (spin-independent), 4 is the gap function and (un(r), vn(r))
and n > 0 are the normalized wave functions and the eigen-energies, respectively. The corresponding BdG
Hamiltonian can be written as
H = −
∑
nσ
n
∫
dr|vn(r)|2 +
∑
nσ
nγ
†
nσγnσ (74)
where γ†nσ creates the quasiparticle n with spin σ. We now express the charge and current density operators
in terms of the quasiparticle operators
ρ = e(
∑
nσ
|vn|2 +
∑
nmσ
(u∗num − v∗nvm)γ†nσγmσ +
∑
nmσ
unvmσγmσγn,−σ +
∑
nmσ
u∗nv
∗
mσγ
†
n,−σγ
†
mσ)
j =
e
2mi
(−
∑
nσ
v∗nDvn +
∑
nmσ
(u∗nDum + v
∗
nDvm)γ
†
nσγmσ +
∑
nmσ
vmDunσγmσγn,−σ −
∑
nmσ
v∗mDu
∗
nσγ
†
n,−σγ
†
mσ)
(75)
where e = −|e|, D is defined as fDg ≡ f 5 g − (5f)g. In the above equation, the contribution from the
condensate (the first term in ρ and j) is separated from that from the quasiparticles.
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Let’s now consider particle number conservation within the BdG formalism. The time-derivative of the
density operator is obtained from equations (74) and (75)
ρ˙ =
1
i
[ρ,H]
=
e
i
∑
nmσ
((n − m)(v∗nvm − u∗num)γ†nσγmσ + (n + m)σ(unvmγmσγn,−σ + u∗nv∗mγ†n,σγ†m,−σ)) (76)
which yields 〈ρ˙〉 = 0 for an eigenstate of the BdG Hamiltonian which is also an eigenstate of BdG quasiparticle
occupation number and for thermal equilibrium satisfying 〈γ†nσγn′σ′〉 = fnδnn′δσσ′ and 〈γnσγn′σ′〉 = 0,
where fn is the average occupation number of the quasiparticle. The divergence of current is obtained from
equations (75) and (73)
5 · j = 2eIm(4∗
∑
nσ
unv
∗
n) +
e
i
{2(4
∑
nmσ
vnu
∗
m −4∗
∑
nmσ
unv
∗
m)γ
†
mσγnσ
+
∑
mnσ
(m − n)(unu∗m − vnv∗m)γ†m,σγn,σ + (4
∑
nmσ
vnvm +4∗
∑
nmσ
unum)σγm,σγn,−σ
−
∑
nmσ
unvm(n + m)σγm,σγn,−σ − (4∗
∑
nmσ
v∗nv
∗
m +4
∑
nmσ
u∗mu
∗
n)σγ
†
n,−σγ
†
m,σ
+
∑
nmσ
u∗nv
∗
m(n + m)σγ
†
n,−σγ
†
m,σ} (77)
For the ground state and for the thermal average at equilibrium, particle number conservation is satisfied
〈5 · j〉 = 2e
∑
nσ
Im{4∗unv∗n(1− 2fn)}
=
2e
V
Im{| 4 |2} = 0 (78)
where the second line is derived using the self-consistent gap equation
4 = V
∑
nσ
unv
∗
n(1− 2fn) (79)
However, for an arbitrary state, particle number conservation is, in general, not necessarily satisfied in
the BdG formalism. The particle number conservation condition is obtained by adding equations (76) and
(77)
ρ˙+5 · j = 2eIm(4∗
∑
nσ
unv
∗
n)−
2e
i
(4∗
∑
nmσ
unv
∗
mγ
†
mσγnσ − h.c.)
+
e
i
((4
∑
nmσ
vnvm +4∗
∑
nmσ
unum)σγmσγn,−σ − h.c.) (80)
In general, the rhs of (80) is non-zero, violating particle number conservation. Let’s, for example, consider
an eigenstate with say, one excited BdG quasiparticle (n, ↑), then equation (80) is evaluated to be
〈ρ˙+5 · j〉n = 2eIm{4∗(
∑
m,σ 6=(n,↑)
umv
∗
m − unv∗n)} (81)
The rhs of equation (81) doesn’t vanish, since the gap equation for the ground state reads
4 = V
∑
n,σ
unv
∗
n (82)
and equation (81) becomes
〈ρ˙+5 · j〉n = −4eIm{4∗unv∗n} (83)
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In most cases, violation of particle number conservation is of order 1/N (N : total number of particles).
However, for a localized quasiparticle, the rhs of equation (83) can become non-negligible in the localized
region.
We can recover particle number conservation for a general excited eigenstate within the BdG framework
by simply changing the gap equation so that it corresponds to the excited eigenstate in consideration. If we
change the gap equation (82) to
4 = V (
∑
m,σ 6=(n,↑)
umv
∗
m − unv∗n) (84)
equation (81) becomes
〈ρ˙+5 · j〉n = 2e
V
Im{| 4 |2} = 0 (85)
and the continuity condition is satisfied. Equation (84) is just the gap equation for the excited eigenstate in
which the quasiparticle (n, ↑) is occupied.
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